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PROGRAMS FOR COMPUTING ABSCISSAS AND WEIGHTS FOR CLASSICAL 
AND NONCLASSICAL GAUSSIAN QUADRATURE FORMULAS 
Robert N. Desmarais 
Langley Research Center 
SUMMARY 
Computer programs for  computing Gaussian quadrature abscissas and weights are 
described. For  the classical case the programs use Laguerre iteration t o  compute 
abscissas as zeros of orthogonal polynomials. The polynomials are evaluated from 
known recursion coefficients. The nonclassical case is handled similarly except that the 
recursion coefficients are computed by numerical integration. A sample problem, with 
input and output, i s  presented to  illustrate the use of the programs. It computes the quad­
rature abscissas and weights associated with the weight function (1 - x ) l j 2  In (l /x) over 
the interval (0,l) for quadrature orders  from 16 to 96 in increments of 8. 
INTRODUCTION 
This paper describes a set of computer programs for computing the abscissas and 
weights of Gaussian quadrature formulas. The programs permit the calculation of both 
classical and nonclassical abscissas and weights. For  the classical case the programs 
are complete in the sense that the use r  need only specify the order,  interval, and constants 
appearing in the weight function, and the programs will do the rest. For  the nonclassical 
case, the user has to se t  up the quadrature scheme to be used for computing the recursion 
coefficients of the orthogonal system associated with the Gaussian quadrature formula 
desired. 
The programs described herein were developed to generate quadrature formulas for 
use in computing unsteady aerodynamic forces. For  example, the kernel of the integral 
equation relating lift t o  downwash in unsteady subsonic flow can be computed, in part, 
using a Laguerre -Gauss quadrature; integrals of the pressure distribution can be com­
puted using Jacobi-Gauss quadrature; and integrals of pressure distributions over a 
control-surface hinge can be evaluated using a nonclassical Gaussian quadrature with the 
weight function In (l/x). 
F o r  all of the quadrature formulas mentioned in the preceding paragraph except the 
one with the logarithmic weight the existing published tables of abscissas and weights are 
more than adequate. Even if tables are available, however, f o r  classical weight functions 
it is more economical t o  generate the abscissas and weights from a computer program 
than it is to  keypunch and verify a set of tabulated values. This is not t rue for  nonclassi­
cal weight functions. However, for  these weight functions the existing tables are not 
adequate. 
SYMBOLS 
limits of integration 
coefficients of recursion formula 
correction te rm for a singularity not appearing in the weight function 
function to be integrated 
truncated Taylor's expansion of f(x) about xs 
either pn2(x) or  xpn2(x) 
integral defined by equation (14) 
integral defined by equation (15) 
a definite integral to be approximated 
index of summation in a quadrature formula 
degree of truncated Taylor's expansion 
Lagrange's interpolation function 
an index of summation 
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.. . . 
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M number of t e r m s  in quadrature sum used to  approximate hn o r  hh 
m an index of summation or  degree of orthogonal polynomial 

N order of a Gaussian quadrature formula 

n order of a Gaussian quadrature formula or  degree of orthogonal polynomial 

P(4 orthogonal polynomials 

q(x) quotient when f(x) is divided by T ( X )  

l-(4 remainder when f(x) i s  divided by T(X) 

sk Mh moment 
-
SQ the Qthshifted moment of p(x) 
U(a,m) = y + *(a + m) 
Wk a quadrature weight 
X variable of integration 
Xk a quadrature abscissa 
XS abscissa of a singularity of p(x) 
a,P exponents appearing in p ( x )  or  T(X) 
6nm Kronecker delta (0 if n # m; 1 if n = m) 
Y Euler's constant, 0.57721 . . . 




a factor of p(x) that i s  singular at x = xs 
a classical or almost classical factor of p(x)  
digamma function, r ' ( Z ) / r ( Z )  
P r i m e  denotes first derivative. 
Double prime denotes second derivative. 
Superscript within parentheses indicates a specific derivative. 
PROBLEM DESCRIPTION 
The most efficient n a y  to evaluate integrals with integrable singularities i s  to use 
a Gaussian quadrature formula. In this procedure the singular par t  of the integrand i s  
factored out and processed analytically. Also the abscissas at which the remaining fac­
to r s  of the integrand are to  be evaluated are chosen so  as to  maximize the degree of the 
polynomial for which the procedure i s  exact. That is, a Gaussian quadrature formula i s  
a numerical integration rule of the form 
where p(x), Xk, and Wk are subject to  the three following restrictions: 
1. The weight function p(x) does not change sign in (a,b). 
2. All integrals 
exist whenever k i s  a positive integer o r  zero. 
3.  The quadrature abscissas xk and quadrature weights wk are computed so  that 
equation (1)is  exact whenever f(x) i s  a polynomial of degree (2n - 1) o r  less. 
Given a weight function p(x) that satisfies conditions 1 and 2 above, the problem is  
to  find the abscissas and weights that satisfy condition 3.  In this paper a numerical pro­
4 
cedure for computing these abscissas  and weights is described along with a set of com­
puter subprograms written to facilitate implementation of the procedure. The procedure 
is based upon several well-known properties of orthogonal polynomials. (See sec­
tions 10.3 and 10.4 of ref. 1, for example.) These properties a re :  
1. Gaussian quadrature abscissas  xk are the zeros  of polynomials which a r e  
orthogonal with respect to the weight function p(x). 
2. The associated weights Wk can be computed f rom the abscissas  and the orthog­
onal polynomials. 
3. Consecutive orthogonal polynomials a r e  connected by a three- term recursion 
relation. 
4. The recursion coefficients needed to  evaluate a polynomial of any degree can be 
computed from integrals of products of lower degree orthogonal polynomials. 
A flow chart of the procedure is presented in figure 1. 
START 
I 
COMPUTE NEW RECURSION 
C O E F F I C I E N T S  FROM R A T I O S  OF 
A L L  D E S I R E 0  
C O E F F I C I E N T S  
EEN COMPUTED 
SOLVE P O L Y N O M I A L  E Q U A T I O N  

FOR A B S C I S S A S  AND 

COMPUTE WEIGHTS THEREFRJM 

OUTPUT 
R E S U L T S  
Figure 1.- Flow chart of a method f o r  computing Gaussian 
abscissas  and weights using numerical integration to  
generate recursion coefficients of orthogonal polynomials. 
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Inspection of the flow chart shows that the recursion coefficients a r e  computed by 
numerical integration and then a polynomial root finder is used to  compute the abscissas  
and weights. 
The "simpler" Gaussian quadrature mentioned in the fourth box of the flow chart 
is a closely related quadrature (i.e., its weight function has some of the same singular­
ities) for which the abscissas  and weights are already known. Usually it is a classical 
Gaussian quadrature. It is used to remove as many as possible of the singularities of the 
weight function, and Taylor's theorem is used to  reduce the effect of those that remain. 
Because all singularities of an a rb i t ra ry  weight function ~ ( x )a r e  either removed by 
incorporation into the "simpler" quadrature, o r  else have their  effect reduced, this pro­
cedure is very accurate. Because Taylor's theorem is  used as a method of last resor t  
to reduce the effect of singularities the procedure will be called the "Taylor's theorem 
method" in the rest of this paper. The mathematical details of Taylor's theorem method 
a r e  described in the section entitled "Numerical Evaluation of hn and hh." 
Relation of Orthogonal Polynomials t o  Gaussian Quadrature 
Suppose that in equation (1)we have a set of abscissas  xk for k = 1, 2, . . ., n 
chosen arbitrarily, Let 
Then it can be seen that 
is equal to 1if x = xk and is equal to zero  if x = xi,  x2, . . ., or xn (excluding Xk). 
This means that the polynomial 
coincides with f(x) at x = xk. The function L(x) is called the Lagrange interpolation 




This expression is valid whether the xk 
arbitrarily. 
are Gaussian abscissas  o r  a r e  chosen 
Now suppose that f(x) is a polynomial of degree (2n - 1). If f(x) is divided by 
n(x), a quotient q(x) and a remainder r(x) both of degree (n - 1)a r e  obtained. Thus 
If this is inserted into equation (1)the result i s  
The first sum above is zero because V(xk) = 0 by equation (4). The approximation is 
exact for f(x), an a rb i t ra ry  polynomial of degree (2n - l), only if the first integral i s  also 
zero. This will occur if n(x) is orthogonal to all polynomials q(x) of degree (n - 1)or  
less. 
The abscissas and weights of a Gaussian quadrature formula can be obtained by 
constructing the sequence of polynomials pn(x) such that 
and then computing the zeros  Xk of pn(x) and computing 
Recursion Formulas and Chr istoffel -Darboux Identity 
A set of polynomials pn(x), n = 0, 1, 2, 3, . . ., f o r  which equation (10) is t rue  is 
called an orthogonal system with respect to the weight function p(x) over the interval 
(a,b). Equation (10) itself is not sufficient t o  define the polynomials Pn(X) uniquely. If 
hn is not specified pn may have an a rb i t ra ry  factor and if hn is specified the sign of 
pn is ambiguous. By specifying, in addition to  equation (lo), the coefficient kn of the 
7 
highest power t e rm in pn(x), pn can be defined unambiguously. This is called the 
standardization of the system of polynomials. ESrcept for  the classical polynomials the 
standardization adopted herein is k, = 1. For this standardization the three-term 
recursion relation for a system of orthogonal polynomials is 
where 
and where 
The expressions for bn and cn a r e  obtained by multiplying equations (12) through by 
p(x) pn-l(x) and p(x) pn-a(x), respectively, and integrating f rom a to b. The same 
procedure using p(x) pm(x), m = 0, 1, . . .,n - 3, furnishes an inductive proof that the 
sequence of polynomials generated by equations (12) is orthogonal. 
The integrals hn and hh a r e  computed numerically and used to generate a table 
of recursion coefficients bk, Ck. If equations (12) are differentiated, recursion formulas 
for ph and pim) a r e  obtained as follows: 
a 

The quadrature abscissas xk are obtained by solving the polynomial equation 
pn(x) = 0 using Laguerre's iteration formula as described in appendix A. Laguerre's 
iteration formula requires values of pn(x), ph(x), and pl;(x) and these are furnished 
by equations (12), (16), and (17). 
After the abscissas have been computed, the weights are computed from 
This is obtained from equation (11)as follows. Let 
If equations (12) are used to eliminate pn(x) and pn(y), one obtains 
Repeating the process (n - 1)times leads to  the sum 
n t l  
Equations (19) and (21) are a form of the Christoffel-Darboux identity for orthogonal 
polynomials (see eq. 10.3 (10) of ref. 1fo r  the more usual form). If y is replaced by 
xk, a zero of pn(x), the result  is 
Substituting this into equation (11)gives equation (18). Observe that all t e rms  of the sum 
except the m = 0 te rm integrate t o  zero because of the orthogonality of the polynomials 
Pm(x). 
Numerical Evaluation of hn and hf, 
The quantities h, and ht, used to compute the recursion coefficients are 
obtained by a combination of numerical and closed-form integration. The f i r s t  step is to  
evaluate the first few moments of the weight function analytically. That is, 
is computed for P = 0, 1, 2, . . ., L. The integer L is the order  of the singularity 
extraction (to be described later) and i s  usually 2 o r  3. Then the first few pa i r s  of 
recursion coefficients bk and ck are computed from these moments using equa­
tions' (13), (14), and (15) 
h lc2 = ­
h0 
- h ib2 -- . . .  
h l  J 
10 

This furnishes the entries up to  k = L - 1 in a table of recursion coeffic,ients 
bk,ck. Each time a pair  of integrals hk,hi, is computed a new pair  of entries 
bk+l = hk/hk and ck+l = hk/hk-l is added to  this table. A s  a consequence, each time 
an hk or hk integral i s  to be computed, all the recursion coefficients needed to  eval­
uate the integrand are available. 
Either hn or hh is obtained by evaluating the integral 
numerically where g(x) = pn2(x) if hn is being evaluated and g(x) = x pn2(x) if hh 
is being evaluated. Since the objective of this report is to  describe a procedure for  com­
puting quadrature abscissas and weights for a weight function p(x) that has a certain set 
of singular points, particular attention is paid t o  these singular points when equation (25) 
is integrated. Let p(x) be factored into two functions 
where T is chosen so  that (1) ~ ( x )contains as many singularities of p(x) as possible, 
and (2) T(X) is a weight function over (a,b) whose Gaussian quadrature abscissas and 
weights are relatively easy to  compute. Occasionally it will be necessary to let T(X) = 1. 
After p(x) has been factored the Gaussian quadrature abscissas xk and weights 
Wk associated with the numerical integration 
are computed. The quadrature order N is usually taken to be about five t imes the max­
imum order desired for the weight function p(x). 
Reduction of effect of singularities in u(x).- If u(x) has  no singularities then hn 
and hfi are evaluated using equation (27) with f(x) = u(x) g(x). If a(x) has one or 
more singularities (the usual case) the strength of these singularities can be reduced by 
integrating the leading t e r m s  of Taylor's expansion about these singularities in closed 
form. Before describing the method in detail an example will be discussed showing the 
motivation for the method. 
11 

dx = T = 3.141 592 65  
Consider the four integrals 
I1 = 11 (1 ­
-1 
= 1’(1 -,2)1’2 dx = E  = 1.570 796 33 




2)3/2 dx = a = 1.178 097 25
8 
and 
dx =!E14 = 1’ (1 - x ~ ) ~ / ~= 0.981 747 70
-1 16 
If these integrals are apprbximated by eight-point Legendre-Gauss quadratures (i.e., 
eq. (1)with n = 8 and p(x) = 1)then 
G8(11) = 2.936 842 06 for  a -6.5-percent e r r o r  
Gg(I2) = 1.572 152 22 for  a 0.087-percent e r r o r  
G8(13) = 1.178 033 49 for a -0.005-percent e r r o r  
and 
G&) = 0.981 755 58 for  a 0.0008-percent e r r o r  
The reason for the difference in accuracy i s  the order  of the singularities at *l. The 
integrand of I1 is infinite at r t l  while I4 merely has an infinite third derivative. This 
is so  because for each singularity xs in the integrand of I1 the integrand of I4 has 
(x - xs)3 as a factor. 
Now consider the integral I of equation (25). It can be written 
1 = cb T(X) O(X) g(X) dX 
12 
It is assumed for now that a(x) has only one singularity at x = xs. The detrimental 
effect of this singularity on the numerical quadrature of equation (27) is greatly reduced 
if g(x) is replaced by something that has a power of (x - XS) as a factor. By Taylor’s 
theorem 
where 
is  the leading part  of the Taylor’s expansion of g(x) about xs, the singularity of a(x) 
and 
is the remainder. Note that RL(x) has (x - x ~ ) ~ + las a factor. Equation (28) can be 
expressed 
The first integral can be evalua&d analytically 
where the shifted moments SQ are obtained from the moments SQ about the origin that 
were previously computed (see eq. (23)) 
13 
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The second integral in equation (32) is evaluated numerically using equation (27) 
Equations (33) and (35) can be combined t o  give 
I =  f 
k=1 
where 
is independent of g(x). This is potentially a very accurate way to approximate an inte­
gral, but care  has to be exercised in choosing L. If L is la rger  than the degree of 
g(x) the quadrature is exact; that is, there is no truncation e r ro r .1  In this case it is 
merely a scheme for expressing I as a linear combination of the moments and this 
method is known to be ill-conditioned (Le., uncontrolled growth of round-off error1). 
Each correction coefficient CQ is the difference between the shifted moment 
SQ= s," p(x) (x - XS)' dx 
and a Gaussian approximation to the shifted moment. As either Q or N becomes 
large, CQ will become very small. Since CQ is the difference of two quantities that 
a r e  not approaching zero, eventually for some Q, CQ will have no significant figures 
at all. Thus, L should be chosen s o  that this does not happen. When this method is 
used, a plot of log I C Q ~against Q gives points that lie approximately on a straight line 
when Cp has significant figures and lie above the line when CQ has no significant fig­
ures. Typical values for L a r e  2 or  3. 
ITruncation e r r o r  is the e r r o r  resulting from using insufficient t e rms  in a limiting 
process, such as a series summation or a quadrature, while round-off e r r o r  is the e r r o r  
resulting from performing mathematical operations with finite -length computer words. 
14 

If pn2(x) and x pn2(x) are substituted for g(x) in equation (36),the following 
numerical integration formulas for hn and hh are obtained: 
N L 
hn 	 1Wk o(xk) Pn2(xk) + cQqp(xS) 
k=1 Q=O 
where 
p (.e -m) (x) 
(39) 
m=O 
m! (Q- m)! 
In equations (28) to (35) it w a s  assumed that a(x) had only a single singular point xs. 
If a(s) has a second singularity then RL(x) = g(x) - gL(x) must be expressed as a 
truncated Taylor's s e r i e s  plus remainder expanded about the second singularity. 
Simpler quadratures.- An essential step in the evaluation of hn and hh for a 
particular weight function p(x) is the computation of the abscissas  and weights associ­
ated with a simpler weight function ~ ( x )where ~ ( x )is a factor of p(x). This so-
called "simpler quadrature" that is indicated in equation (27)must have abscissas and 
weights that a r e  computable without the necessity of evaluating their orthogonal poly­
nomial recursion coefficients by nonexact numerical quadratures. Simpler quadratures 
can be classified as either classical o r  almost classical Gaussian quadratures depending 
upon the nature of their associated orthogonal polynomials. 
The classical orthogonal polynomials a r e  the sytems of orthogonal polynomials that 
can be generated from a generalized Rodrigues' formula 
where Kn is a constant and Q(x) is a polynomial in x that is independent of n. It 
can be shown (see section 10.7 of ref. 1, for example) that the only zeros  of Q(x) are the 
limits of integration in equation (1)and hence Q(x) must be of degree 2, 1, or 0. The 
associated orthogonal polynomials are, except possibly fo r  a linear change of scale, the 
classical Jacobi, generalized Laguerre, and Hermite polynomials, respectively. If equa­
15 
tion (40) is substituted for one of the pn(x) factors in equations (14) or (15) the integral 
can be evaluated in closed form by integration by parts. This furnishes closed form 
expressions fo r  the recursion coefficients (see section 22.7 of ref. 2, for example). The 
classical orthogonal polynomials also each satisfy a second-order differential equation 
and a first-order differential relation with respect t o  degree (see sections 22.6 and 22.8 
of ref. 2). This makes it possible to compute ph(x) and pi(x) directly f rom the 
recursion formula for Pn(X). Separate recursion relations such as equations (16) 
and (17) are not needed for classical polynomials. The fact that ph and p'l; are 
obtained f ree  for the classical polynomials is the motivation for using Laguerre iteration 
for computing quadrature abscissas instead of the QR algorithm as in references 3, 4, 
and 5. 
The almost classical orthogonal polynomials a r e  those f o r  which equations (14) 
and (15) can be evaluated as exact classical Gaussian quadratures. A Gaussian 
quadrature 
is  exact (Le., no truncation e r ro r )  if f(x) i s  a polynomial of degree (2n - 1)or  less. 
Inspection of equations (14) and (15) shows that hn and hh can be evaluated by exact 
quadratures if p(x) can be expressed as a classical weight function t imes a polynomial 
or  if (a,b) can be partitioned into a set  of abutting intervals such that within each interval 
p(x) can be expressed as the product of the classical weight function for  that interval 
t imes a polynomial. Sometimes it i s  possible to replace p(x) by its integral definition 
and perform a multidimensional exact quadrature. For example, consider the weight 
function ln(l/x) over interval (0,l). Then 
hf, = Io1(In 4). pn2(x) dx 
In this case p(x) has the integral definition 




1 1  1 v  
hfi = 1 1 x pn2(x) dv dx = 1 1 x pn2(x) dx dv (44) o x  0 0  
The substitution x = uv gives 
hfi = 1'1'uv pn2(uv) du dv (4 5)
0 0  
This can be evaluated as an exact Gaussian quadrature 
where Xk,Xm,Wk,Wm are the abscissas and weights associated with the (n + 1)-point 
classical Gaussian quadrature with weight function p(x) = 1 over (0,l). Several of 
these multidimensional exact quadratures are considered in reference 6. 
The purpose of the simpler quadrature i s  to minimize the number of singularities 
of p(x) = CJ(X)T(X) that have to be treated by. Taylor's theorem. The simpler quadrature 
is the quadrature associated with the factor T(X) as a weight function and should be 
either a classical o r  almost classical Gaussian quadrature. 
PROGRAM ORGANIZATION 
The FORTRAN computer program to implement the Taylor's theorem method of 
calculating Gaussian quadrature abscissas and weights consists of a user-written calling 
program and a furnished subprogram package. The user-written calling program handles 
input/output (I/O) and that portion of the computing task that i s  peculiar to  the weight 
function being processed. The subprogram package handles the portion of the program­
ing task that is common to all weight functions. The complexity of the user-written 
calling program depends upon the nature of the weight function and the 1/0 services  
desired. For  a classical weight function it could be as simple as a call to subroutine 
CGAUSS followed by a print statement whereas for a nonclassical weight function with 
several  singularities in p(x) it could be very complicated. 
The subprogram package consists of four subprograms that are called by the user  






a subroutine t o  compute classical Gaussian abscissas and weights for  an 
arbi t rary interval and arbi t rary weight function exponents 
a subroutine to  compute 1pLm)(x) fo r  m = O,M from the recursion
m! 
formulas (12), (16), and (17) 
a function t o  compute Pn(X). This is an abridged version of PNDER that 
executes faster when only pAo)(x) is needed 
a subroutine t o  compute abscissas and weights for  a nonclassical Gaussian 
quadrature 
F o r  computing nonclassical Gaussian quadratures, the use r  -written calling program 
has two tasks to perform. The first and more difficult task is to  compute the recursion 
coefficients bn and Cn required by NGAUSS. Specifically this requires FORTRAN 
instructions to: 
1. Implement equations (23), (24), and (34). 
2. Compute the abscissas and weights required by equation (27) (a call to CGAUSS). 
3. Implement equation (37). . 
4. Compute as many bn,Cn as needed from equations (38), (39), and (13). Note 
that PNFUN and PNDER are used when implementing equations (38) and (39). 
The second and i impler  task, to  compute the desired nonclassical Gaussian abscissas 
and weights, is accomplished by simply a call t o  NGAUSS. The user-written calling pro­
gram also manages two labeled COMMON blocks BOFN and COFN that contain the recur­
sion coefficients bn and cn that are given by equations (13). These coefficients are 
used by PNDER, PNFUN, and NGAUSS. NGAUSS also requires ho (see eq. (14)) and 
since c1 is not used, ho is passed as the first word of COFN. The easiest way to  
describe in detail how a calling program is written is to explain on a step-by-step basis 
how the program was written for  the sample problem. 
A Sample Problem Illustrating How Nonclassical Abscissas 
and Weights are Computed 
The sample problem is a FORTRAN program, calling CGAUSS, PNFUN, PNDER, 




for values of n f rom 8 to  96 in increments of 8. The weight function (1 - x) ' /~  In (l/x) 
occurs when integrating the chordwise pressure distribution over an aircraft  control s u r ­
face in subsonic flow. The coordinates have been rescaled so that x = 0 is the location 
of the hinge line and x = 1 is the control-surface trailing edge. 
One of the purposes of the user-written calling program (henceforth referred to  as 
program SAMPLE) is t o  handle input/output. It is possible fo r  SAMPLE to have no input 
(i.e., all parameters  are built in). However, a program of this so r t  should be fairly gen­
eral, hence, as many parameters as possible are read in as input. 
In the problem statement min(n), max(n), and An were specified as 8, 96, and 8, 
respectively. These are read in as N1, N2, and N3. Similarly, the L appearing in 
equation (36) is read in as LMAX, the number of correction coefficients Cp computed 
and printed, and also as LX,the number of correction t e rms  used in equation (39). The 
value of N appearing in equation (27) is read in as NC. The total number of pairs  of 
recursion coefficients t o  be computed is read in as NMAX. 
Instead of writing the program t o  process the actual weight function specified in 
equation (47), it is written t o  process the more general function 
and a! is read in using the program variable name ALPHA. A summary of the program 
input is as follows: 




LMAX number of correction coefficients computed 

LX number of correction coefficients used 





WAX number of b,,cn pa i r s  to be computed o r  read  
Nl,N2,N3 delimiters of loop that calls NGAUSS 
Before program SAMPLE can be written, expressions fo r  SJI ,the moments of p(x), 
must be derived and p(x)  must be factored into u(x) and T(X) 
To evaluate this integral, let  x = 1 - u and note that 
dvIn -1 = 1: l-v
1 - u  
Then 
where 
.This can be expressed as a digamma function (see eq. 6.3.22 of ref. 2) 
U(a,m)= y + @(a + 1+ m) (53) 
which can be written (eq. 6.3.6 of ref. 2) 
20 

Equation (54)suggests that U(a,m) should be computed recursively 
Instead of having the program compute CY), the quantity U(a,-1) = y + $'(a) is read 
in with the variable name of UA. This is done because the digamma function takes on a 
simpler form when its  argument is an integer o r  half integer. Some values of U(a,-1) 
a r e  
U(l/2,-1) = -2 In 2 = -1.386 294 361 119 890 618 834 464 243 
u(1,-1) = 0 
U(3/2,-1) = 2 - 2 In 2 = 0.613 705 638 880 109 381 165 535 757 
> 
U(2,-1) = 1 
U(5/2,-1)= 8 - 2 In 2 = 1.208 372 305 546 776 047 832 202 4243 
The weight function p(x) factors into (1 - x)@-l and In (l/x). Either could be used 
for the s impler  quadrature of equation (27)because (1 - x)@-' is classical and In (l/x) 
is almost classical. The choice 
= In 1~ ( x )  

leads to  a simpler program. 
All the information needed to write the program is now available. Figure 2 is a 
flow chart of the program. Figure 3 is an expanded version of the box of the figure 2 
flow chart that contains the and Cn calculations for n > 3. The program was 
written from the flow chart for the CDC ,6000se r i e s  FORTRAN "RUN" compiler. The 
program listing follows along with a listing of subroutine COMPARE that was used for 
accuracy estimation when ALPHA = 1. Usage description of the subroutine package is 
given in appendix B. 
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[and s t o r e  i n  S ;+ 
lcompute ho,b , C  
/ a n d n l C O %  
4 







p r i n t  CL-17L=17LMAX 
4 

r e a d  LX NMAXG= 

f o r  N=3,NMAX compute 
CN ,BN ; eqn (391, (381, ( 13 
Y 
B ,C ,N=l ,NMAX 
Figure 2.­
22 
/ see separa te  f l o w  c h a r t  
\ f o r  t h  i s box 
Program flow C h a r t .  
Figure 2. - Concluded. 
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---- .. . . . . c a l l  PNDER t o  compute ( L - 1 )  ( O ) / ( ( L - l ) ! )  f o r  L = l , L x  




f r o m  e q n ( 3 9 )  a n d  s t o r e  
L NC > N C  , 
' B ( N ) t H P / H  
C ( N )  t H/HS
L NMAX , V t N + l  
\ 
> NMAX 
Figure 3. - Recursion-coefficient flow chart. 
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Sample-Problem Program Listing 
PPDGRAM SAMPLE( I N P U T = l  TOUTP,UT=L 9 PUNCH=l  
+ 	 9 T APE5 = INPUT 9 TA PE6=@UTPUT 9 TAP F7=PIJNC Y )  
CnMM@N//X(  2000) T M (  20001 
OOUBLF X T W  
C@YMnN/B@FN/ R (  100)/C(JFY/C ( 100 I 
DOIJRLE t3,C 
DCUBLF S t 1 0 1  T P D (  1 0 1  T P S (  L O )  ~ Q ( i 0 )  
n0uBt.F ALPHA,UAI ~ J THPTHSTADO? FAC 
DOIJBLE DLnGvPNFUN 
READ 1 0 1 9  I F L A G  
IF ( IFLAG.NE.0 )  GO T O  1 2
* I F  IFLAG.NE.0 THE RECURSION C O E F F I C I E N T S  ARE RFAO IN .  
* PAPT 1 - RECURSlf lY COEFFIC IENT CALCULATION. 
PFAU 1 0 2 T  ~ L P H A I U A  
PEA0 1 0 1 ~L M A X  
COMPUTF U(ALPHA,M-1)  AQD STOKE I N  S ( M )  USING FQN (55) 
S ( l ) = U A + l . / A L P I J A  
n0 1 M=2,LMAX 
1 	SI Y )  =S( M-L I + l e /( M - l + A l  PHAI  
DC 2 M=l ,LMAX 
2 	 S ( M l = S (  M )  / (k ' - l +ALPHA)  
SGhl=( -1  1 **( LMAX-11 
DO 4 L L Z Z T L M A X  
COMPUTE S ( L )  FROY EQN ( 5 1 ) .  
L=Z+L'-IAX-LL 
FAC= l .  
D O  3 P = 2 * L  
F A C = - F A C * ( l . + L - M ) / ( k - l . ~  
3 S ( L ) = S ( L I + F A C * S (  1+L-Y)
S ( L ) = SGN*S ( L I 
4 SGU=-SGN 
CCMPUTF H O T H L T C Z T P N UR 2  FRDM EON ( 2 4 1 .  NOTE THAT H'I IS STORED I N  C ( 1 )  
C( L I = S (  1) 
B(1I=S(Zl/C(l) 
~ = S ( 3 1 - R ( l ) * ( L . + S ( Z ) - ~ ~ l ~ * S ~ l ~ )  
c ( 2  ) = M / C  ( 1)
B(Z)=(S(4)-B(L)*(Z.+S(3)-R(l)*S(Z)))/H 
CALL CGAUSS TO SET UP SIMPLER G41JSSIAN QUADRATURE 
READ 1 0 1 ~hlc 
CALL C G A U S S I N C T X T W T O . O T ~ . D T A L P H A - ~ . U T O - D )  
COHPUTF C ( L - 1 )  FROM FON ( 3 7 )  AND STORE I N  S ( L 1 .  
D O  5 K= l ,NC 
ADO=W(K) *DLOG(X(< )  I 
S(l)=S( 1 ) + 4 D O  
00 5 L= .? rLYAX 
APD=PdO*X( K J  
5 	 S ( L I = S ( L J + A D O  
P R I N T  2 0 1 1  ALPHATKC 
Y = O  
PRINT 2 9 2 1  M,S(L ) rM,CL4  
6 M = M + L  
READ 101, LX tNMAX 
COMPUTE RECtJKSICN COFFFIC IENTS- FOR F1=3 THRU NYAX. 
Dl3 10 h'=3,YMAX 
CALL  !"DER ( N-1 T L X  T O  0 D TPDTPS 1 
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11111..111 I II I I III 111 I I I I  111 1111111.-1111111111 I I I 111111.1..1.11.111.111-.1 I,.,,,, I.I,-,.,..-__-....___ 
COYPUTE Q F R 3 M  EQN (3919 
DO 7 L = l r L X  
Q ( L ) = O .  
DO 7 M z 1 . L  





COMPUTE TAYLOR'S S E R I F S  CORRECTION PART OF H t Y P  INTEGRALS I N  EQY (38). 
Dr) 8 L = 2 r L X  
H=H+S ( L ) *Q ( L 1 
8 	 H P=HP+S I L ) *Q ( L- 1) 
DO 9 K = l r N C  
COYPUTE GAUSSIAN P 4 9 T  OF WTHP INTFGPALS I V  ( 3 8 ) .  
ADD=-DLOG ( X  (K 1 1 *W(K ) *PNFUN ( X (  K ) N- 1I **2 
H=H+4DD 
9 HP=HP+AOO*XIKI  
RlNJ '=HP/H 
10 	C (b I )=H/HS 
PUNCH 3 0 1 1  A L P H A T L X V V C V N M A X  
D O  11 N=lrNP"AX 
11 	PUNCH 3 0 2 1  N * R ( V ) v C ( N )  
GO TO 14 
4: PAPT 2 - OUAORATUQE ABSCISSA AP'D WFIGHT CALCULATIDN. 
1 2  PEAD 3011 A L P Y A T L X T N C ~ N M A X  
no 13 N = ~ , U M A X  
1 3  READ 3 0 2 r  N 1 8 ( N ) r C ( N I
* T H I S  PART OF THE PROGRAM COMPUTFS THE ABSCI5SAS AVD WEIGjTS.  
zk I T  I S  WEIGHT FUNCTION INDEPENDFNT. 
14 	READ LOlt Y l r N 2 1 Y 3  
I F ( Y 2 . L E - 3 )  STOP 2 
IF(Y3.LF.O) L 3 = 1  
PUYCCI 3 0 3  9 ALPHA T N 1T N Z v  N 3  
DC 1 5  h ] = N l i N 2 r N 3  
PUYCH 3 0 4 r  N 

CAbL NGAUSS ( N T X T W )  

D 3  15 V = l r N  

1 5  	PUVCY 3 9 2 r  M v X ( W ) * W ( M )
I F(ALPHA.EQ. l.-AND.NMAX.GE*16) C A L L  COYPARF 
STOP 1 
101 FORMAT( 3 1 4 )  
132 F f l P M A T ( 2 D 4 0 * 3 0 1  
201 FDRMAT( / / 3 6 H  C0RRECTIC)N C P E F F I C I E N T S  F P Q  ALPM4 = v  D38.28/  
+ 9 H  AND NC = 1 1 5 / / )  
2 0 2  FORMAT(4H C (  T I  1 r 3 H )  = * D 3 8 . 2 8 r d X 1 2 H L O G l O  ( A B S ( C (  9 11,SYI I I = v  F8.2) 
301 F @ R M 4 T ( / / 8 0 H  RFCURSION CCIEFFIC IFNTS FOR THE WFIGHT FUNCTION LN(l./ 
+ X J * ( l . - X ) * ~ I A L P H A - l . )  ClVER122P THC INTCRVAL ( O . ~ ~ . ) - / / O X ~ H A L P ' + ~  

+P36 .28 /9X4HLX = t  I 4 / 9 X 4 H N C  = T  15 /7XhHLMAX = , I  4 / / 3 X l H f j r  

+ 2 2 X 4 H t l ( N )  , 3 4 X 4 H C ( N )  / I  

302 FDRYATt I 4 7 2 D 3 8 - 2 8 )  
303 F O P M A T ( / / 8 3 P  ABSCISSAS AN@ WFIGHTS FOR TtJC WEIGHT FUNtT InhJ  L N ( l . /  
+ X I * (  l . -X I * * (ALPHA-L . I  OVER/34H THF I N T E P V 4 L  (3.11.) FDR ALPHA = t  
+036.2814H A N D / 9 r  F O R  N = I 3 v 9 p  THKU N =I3r17H I N  IVCREMENTS O F r I 3 )  
3 0 4  	FORMhTt / / / 3 8 X 3 H N  = p  1 3 / / 3 X l H M , 2 2 X 4 H X  ( M I  9 34X4PW ( i( 1 / 1 







O = D S / P ’ )  
11=1 . - A S  * U  
V = (  I . - a * P 2 D / P ~ - R S t ~ e Q ) / ( U * U )
H = - R L e I / U / ( L . + S Q R T ( Q f ~ * ( R l * V - l . ) ) 1  
X C = X C + Y  
I F ( K . L T . 3 1  GO Trl  5 
I F ( H . L T . L , E - 2 4 . n R . X C , E Q . X S )  GO TI) 6 
5 t ? V T I Y d F  
6 	 C O N T I N J F  
C 4 L L  J Z E C U R (  N , A L P ~ A , S E T A , X C , P , P l )  
X ( M ) = X t  
r( ( M  ) = C J N + (  L . - X C * X C )  L / P  1 
7 	 C O Y T I N i J F  
HFTLJRY 
8 	 A l = 4 L P H 4 + 1 .  
4 = 4  L+1. 
B l = B F . T 4 + L .  
R = R l + L .  
C = 4 + B - 1 .  
S = Q S Q R T  ( A + B + C )  
3 = b . * C 3 Y * ( A * R + S )  
X = 2 . * R * R L / ( R * C + S I - l .  
W = 3 * B /  ( D L *  ( S + R 1  *e21 
X ( 2  1 = L .  -2. * A * A l / ( A * C + S  
rl( 2 ) = D +  4 / ( A 1*(  S + A  1 * * 2 1  
C E 1 (JQ Y 
9 	 I F  ( N.LT. L ) R E T U R N  
4 1 = A L P H 4 + 1 .  
B l =  B F T 4 + 1 .  
a ~ ~ = ~ i t q i  
4 2 = A 1 + L .  
8 2 = R l + l .  
X = (  R E T A - A L P H A 1 / 4 0 2  

W=CONC-( l . - X * X I  

W=IJ*2. * A B Z * (  1. / A I + L . / 3 L  

R F T U K N  

1 
1 * * 2 /  ( 4 2 * 5 2 * (  L . / 4 2 + L . / B  2 1 * * 2 1  
E N3 S U R R O U T I Y E  J G A U S S  
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C I M W  






8 4 2 = A L P i A + 2 .  
X (2)=A2 t D S 0 R T  ( A2 1 
d ( 2 ) = C J N * A Z / X ( Z )  
A 1= ALPHA+l  . 
X ( 1) = 4 2 * A l / X  ( 2  
a l l ) = C 7 Y * X ( Z ) / A l  
R E T U R N  
9 	 I F ( N L T 1I R F  T l J R N  
X = l  .+ALPHA 
d = Z . * C 3 Y * I X + l .  ) / X  
R E T U R N  
FND S U R X 3 U T I V E  L G A l J S S  
SURRC)UT I NE L Q F C U P  ( ? \ 1  T A L P H 4 r  X P t  P I  I 
D D J R L E  A L P H A I X T P T ” ~ V P ? ~ ~ W V4 f l  
C 3 M P U T E S  NTH A N D  ( N - I I T Y  L a G U E K R E  P O L Y V O M I A L S  
S Y = 1 .  
AM= A L P H A  
p 2 =  1. 
P I = k ’ M + 4 Y - X  
3 0  1 Y = Z , Y  
X M =  UY+1. 
A Y = A Y +  1. 
P =  ( (Q Y t  AM-X 1 *P l - A H * P Z  I / R Y  
D 2 = P l  
1 P l = P  
P I = P Z  
K F T U P V  
E N 3  S U Q i 3 U T I V E  L R E C ! J Q  
5 UE3 R IIIJT I NE C WT CON ( C 9 F.1 v A I 
D ~ JBL E c a, A Y ,  I I M T~ G A Y F  
C 9 M P U T E S  T U F  C C I N S T A N T  P A R T  3 F  T i �  L A G J C H R E - G A J S S  Q U A D R A T U R E  W E I G H T .  
b Y =  A + 1 . 0  
: = I G A Y = ( A f i l  
D M =  1. 
31) 1 ’ 4 = 2 , N  
c _ c  4.c. 	 T A  Y /  9 M  
A Y =  AH+1.  
1 	3 M = D Y + 1 .  
C=t/ ( A Y * D Y I  
I F T U R V  
E N l  SU87CIUTIYE L W T C O N  
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PQUBLE F U N C T I O U  D t A Y F (  X I  
* l ~ j . J f l I  E R ( 7 )t C (  7 9 PL.7Gt DFXl’t X t F t  2 
C l Y P U T P S  GAYWA F U Y C T I O Y  F J 9  ?EA- A R G I J Y E V T .  DGA’IF AVU X MUST B E  T Y P E D  DOUBLE IN 
C A L L I N S  PQ: l?pf iM.  X YlJST r3E L E S S  THAN 1 4 4  AND NOT A NE,GATIVF: INTEGER.. 














DATA F / 2 .50662  A2746 31300 5 3 2 4 1  5 7 6 5 2  8 4 8 1 0  r) / 

I A T A  9 /  1.n. l e ?  9 5 3 .  > t L 9 5 . 3 t 2 2 9 9 9 . D r 2 9 3 % r t 5 2 3 . l ) t  1 0 9 5 3 5 2 4 1 0 0 9 . D /  

DATA C./ 12 .0,3Cl 9 9 219 .3  9 3 7 1  @ t 2 2 7  3 7 - 0 1  1 9 7  33142 .  D t  4 8 2 6 4 2  75462 .  D /  

F I R  X 4 1  l t d T E G c 4 .  I F  S O  0 0  T:3 3 .  





I F ( Z . E 7 . 0 . )  !;Ll T 1  3 

F O P  x A H A L F  I V T E G E ~ .  IF sn GO TD 5 .  

Y = I D I V T ( X - . 5 )  

Z = X - .  5 - N  

I F ( Z . E 7 . 0 . )  GC T g  5 

Y =  145-x 

I F ( N . L T . 1 ) S T Q P  3777 
z = x + v  
DGAMF=3 
30 1 1 = 1 t 7  
3;4MF=f3(  0-1 1 / C  ( 9-1 1 / (  Z +I)GAMF ) 
D r J A ~ F = F 9 l ) F X r : ( D 1 ; A Y F - L + ( 2 - . 5  ) * D L O G ( Z )  1 
D‘l 2 I = l t N  
3 2 4 M F = I G A Y F / ( N - I + X )  
Q F T U Y V  
) > A M F = l .  
2=3. 

D‘I 4 I = ? t N  

Z = Z + l .  

TJGA MF= DGAM F *  2 

P F TURV 

O Z h  M F = 1 .  7 7 2 4 5 ?  8 5 O 9 O 5 5 1 5  02 7 2 9 8  16 7 4 0 3 3 0  

I F ( Y ) 6 *  R t 9  





7J 7 1=1,’4 

2 = L - 1 .  

r) G 4  M F = 3 GA ‘4F/ L 
RFTURY 
2=- .5  
3 1  i n  I = ~ , N  
z=z+1 .  













SURRO(JT1NE P N R E C 3 ? ( N t X *  PNv P N l t P N P v P V Z P )  
CDYMOY/SOFN/BI  l O O ) / C O F V / C (  100 )  
D 3 J R L E  R t C  

3C)LJRLE X t PNV PNL v PNP 7 PVZPv X B v  P N P l  v PNZP1 v 

P N P l = P V Z D l = P N Z P = O .  
P N l = P N P = L .  
P Y = X - 9  
I F (  N . L T .  2 ) RETURU 
9 0  1 M = Z t N  
PS=P\  
PSP=PYP 
P S 7 P = P N Z P  
XR=X-R( '4 )  
PVZP=XS*PNZP-C(  M I  * P N 2 P I + 2 .  *PNP 
P V 2  P l = P S  ZP 
PNP=XH*PNP-C(M)*PhIP l + P N  
P N P l = P S  P 
P Y = X B * P U - C ( M I * P Y l  
1 PNL=PS 
RETURV 
F YD SURROUTIUE PNRECJR 
SU3 RJUT INE PYDER( N t  ; 4 ~X P P I  t P S ) 
DOURLF X t P D ( l ) r P S ( l ) t X R , S  
C UYYOhl /  H O F N /  B ( 1001 / CO FV / C  ( 100 ) 
9r)UBLF 8 p C
* C O Y P U T F S  ( D / D X ) * * K * P ( X ) / I < - F b C T O R [ A L )  F37
* P O L Y Y 3 M I A L  OF DEGREF A ? �  S T O R F D  IY PO.
* D E G ~ E EN-L A R E  S T O Q F D  IN PS. Y YUST R F  & T  
PS v PSP v PSZP 
K=O THRU '4-1. 2 E S U L T S  FOR 
RESULTS F.3R POLYNOMIAL OF 
L E A S T  L .  P D ~ P Snus1 a �
* 	 OI~EVSIONED M 3~ L A R G E R  I N  CPLLING P R D G ~ A M .  Y M U S T  R E  A T  L E A S T  2. 
P 3 (  l ) = X - R (  1 )  
DO 1 K = Z t Y  
P S ( I 0  =o. 
1 P D ( K ) = 3 .  
P 3 ( 2 ) = P S (  l ) = l .  
D O  2 L z 2 . N  

XB=X-B( L I 

S = P D (  1) 

PD(  l ) = X B * S - C ( L ) * P S (  1) 

PS( l ) = S  

DO 2 K = Z v H  

S = P D ( K )  

O D (  K) =XB*S-C ( L  1 *PS ( K ) + P S (  6 - 1 )  

2 P S ( K ) = S  
RETURN 








f Sample -Problem Program Input 
F o r  the case ALPHA = 1 the program input consists of six data cards  containing 
I 











The input to the sample case is listed below as card images. 

00  C 0 00 0 [:0111111111122 2 2 2 2 2 22 2 3 3 3 3 3 3 3 3 3 34  4 4 4  4 k b  444 5 5 5 5 5 5 5 55  5t E E 6 E E 6 6 C 6 77  7 7 7 7 7 7 7 7 8 






3 9 6  
I; 96 L 
Sample-Problem Program Output 
The sample program output consists of a line pr inter  listing of the correction coef ­
ficients Cp (see eq. (37)), the recursion coefficients bn and Cn (including ho 
s tored in c1) punched on cards, and the requested quadrature abscissas  and weights 
punched on cards. Tables I, 11, and 111were copied f rom the sample-case output files. 
The quantities output in tables I, 11, and 111are presented using a 29-significant-figure 
format because this  is the double precision word length of the computer used. However, 
the numbers in tables 11and Ill are only accurate to about 18 significant figures for  the 
sample case. 
TABLE I. - CORRECTION COEFFICIENTS AND THEIR LOGARITHMS 
C O ? R F C T I O N  C O E F F I C I E N T S  FOR ALPHA = 1.500000000000000 )000000000000D+00 
AND NC = 1400 
C(0) = 3.217a903515575434569 1211094010-07 LOGLO(AHS(C(0) 1 1  = -6.49 
C(  1 I = - 6 ~ 5 2 3 2 3 0 4 2 0 4 4 0 2 2 8 2 8 0 5 6 9 j 4 2 7 4 8 5 o - 1 4  LOGlO(ABS(C(1))) = -13.19 
C(2) = 4.38187106178325226340494404670-20 L O G l O ( A R S ( C ( 2 ) ) )  = -19.36 
C (  3 )  = -5.971152693826043220594468945lD-26 LC’GlO(ABSIC(3) 1 )  = -25.22 
C(4) = 3.88699144517711611173387556700-28 COGlO(ARS(C(4))l = -27.41 
C (  5) = 2.36 4962206 518583885628 55 804450-2 8 LnGLO(ABS(C(5)) 1 = -27.63 
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TABLE II.- RECURSION COEFFICIENTS 
? � C U Q S I O I \ (  C ~ E F F I C I E N T S  FIIR THF WEIGHT F U I \ I C T I O Y  L V ( l . / X ) * (  l . - X I * * ( A L P H 4 - 1 . )  '3VEP 
THE I U T E P V A L  (o., 1 . 1 .  
A L P H A  = 1 5000000000300330@0000C030~00D.+~0 
L X  = 3 
NC = 1 4 0 0  
L Y A X  = 96 
N 
1 2 . 1 2 5 5 4 5 2 1 0 8 7 1 2 2 9  3 5 0 3 0 9 7 2 6 9 3 O 4 9 - 0 1  
7 4.333 4 3  1 1 I 3 6  1 1 2 5 9  2 8 9 8 9 2 4  1 4 4 0 5 3 0 - 0 1  
3 4.7 0 5 1 6 4 5 3  4 7 1 9 4 3  9 6 9  7 1 9 3  R 3 4 0 3 7 4 3  -0 1 
4 4 . 8 3 3 6 5 6 2 3 2  7 8 2 6 0 9 6 6 3 5 2 5 8 8  7 7 9 4 6 0 - 0 1  
5 4 .89 3 13 4 7 34 5  2 8 17 8 326 4 2  33 5 3 1 7 325- 0 1 
6 4 .925  5 2 9 2 3  2 1 3  1 6 4  I ,952 5 0 2 9 3 4 1  2 5 7 3 - 0 1  
7 4 . 9 4 5 1 2 1 8 C 8 0 5 1 5 1 1 3 2 8 6 0 5 2 4 3 7 4 7 0 o - o L  
R 4 . 9 5 7 5 7 5  3 6 4 9 2 9 5 2 9 2 6 2  7 W 9 7 2  7074P-1) 1 
9 '+.965 5 4 2 4 1  71 0 3 7 9 9 9 7 5 5  79'+949129O-O1 
13 4.9 7 2  9 2 83 5 3 Q 2 Z 7 180 2  9 0 5 9 5 7 7 02  9 3 -0 I 
1 1  6 . 9 7 7 5 8 9 0 Q h 6 4 2 0 9 3 2 4 4 5 6 1 5 2 6 5 4 6 2 ~ - 0 1  
t i l  4 98  1 1 +O 69 44 5 1 8 4  3 3 1 8 8 7 4 3  146D997-0  1 
~ . 5 3 5 8 1 5 3 7 0 3 1 1 8 4 0 3 1 8 8 5 1 3 4 9 4 9 0 7 D - O 1  
3.8026 1 2 2  5 3 0 9 4  7 7 2 0 3 4 4 7 0  1 4 0 3 9 2 2 3 - 0 2  
5.3551 511 9 5 9 8 5 7 1 1 3 5 7 1 4 5  7 1 5 4 7 2  In-02 
5.7910 7 3 3  38  7 5 2 5  0 0 0 9  7907 7 2 8 3  15011-32 
5 .9718 8 6 6 6 5 7 3 5 6 8 1  9 7 7 0 9 4 0 0 3 0 9 9 6 D - 0 2  
6.0637358642310478703429Q!32289!J-02 

6 .  1I 6 6 ~ 8 81 0 3 2 3 3  0 9 0 9 2  078 7 7 0 3  3 8 2 3 - 0 2  
5 , 1 4 9 8  7 3 5 4 8 8 3 8 6 8 6 0 7 2 5 9 2  1 5 9 0  22  58-52 
6 .  172 0 7 8  3 4 1 4  3 5 3 9 2  16 9 60  7 R 5 1 5 2 3 2 ~ ­0 2  
5 . 1 8 7 6 4 9 4 6 1 8 3 5 5 9 4 2 8 3 3 6 3 7 0 4 6 3 5 5 0 - 0 2  
6 . 1 9 8 9 8 5 3 9 3 9 5 1 9 3 0 3 4  1 6 1 1  3 6 5 3 9 3 6 3 - 0 2  
6.20749i54381854953955989954253-02 

6.2  1 4 0 3  8 7 8 9 9 9  5 5 0 6 8  11408 3 5  1053 59- 0 2+ . 9 7 3 ~ @ 9 3 4 4 0 7 7 4 1 3 7 5 5 5 1 ~ 3 ~ 1 9 9 ~ 4 ~ - 0 1  
14 4.986139549170323345~137180014~-31 
1 5  4 .987  98 7 0 1  57 5 9 6 1 7  4 7 3 8 0 3 5  8 9 7 4 7 7 ; ) - 0 1  
l h  4 . 9 2 9 3 4 3  5 7 9 3 8 3 5 5 6  5 3 4 9 9 5  12493C323-0 1 
17 4.990 5 5  211 2 7 9 7 0 1  3 h 2 ~ x 1 9 d 8 0 8 9 1 3 J - 01 
1 R  4 , 9 9 1  5 6 5 9 4 9  1 3 6 4 3 7  4 2 1  3 0 2 5  11 0 7 3 0 3 - 0  1 
1 9  6 . 9 3 7 Q 2 4 7 5 0 2 9 O Z 3 4 3 5 3 6 7 4 8 1 R R 3 2 8 ~ ~ - 0 1  
20 4.993 153.71 158 1903 5 2 2 3 5 1 5 6 5 5 3 4 0 8 - 0 1  
21 i , 9 9 3 7 Q 0 8 2 9 0 6  1199 6 7 2 6 9 4 9 4 3 4 6 7 5 7 - 0 1  
22  4.9'74 3 3 9 14 h 8 1 00 7 7 3 7 7 5 t 39 9 9 4 2  8 03-0 1 
2 3  4 . 9 9 4 8 1 7 8 S h 3 L  7 7 6 9 7 2 7 5 3 2 3 0 1 3 9 9 8 O - O l  
2 4  4 . 9 9 5 2 3 8 2 6 6 1 3 7 4 3 4 6 6 3 4 3 2 2 3 3 3 3 0 6 0 1 - 0 1  
2 5  4.09 5 6 o 9 4 7 7 3 6 6 4 59 2 7 73 6 3 7 4 i 03 797-0 1. 
26 Q. 9 9 5 9 3 8 8 8  I 3 3 4 R 9 1 2 8 6 2 8 i l f ~ 6 67 1 8 5 3 - 0  1 
27 4 , 9 9 6  2 3 2 5 3  14 3 8 7 6 6 5 3 , )  1 3 4 1  9252YZ?-'31 
2 8  4 . 9 9 5 4 9 5 4 2 3 1  5 5 8 9 5  t34+ 7 9 4 9 7 5 6 3 4 8 3 - 0 1  
29  4 .9  9 b 7 3 I 7 0  8 0  2 4 2  22  8 29 1 4 4  5 4 4 110 5D -0 1 
30 4 .995  4 4 4 8 6 3  1 3 7 8  12 8 8 2  8 153Gl 87O3?-01 
6.2i91a31598~1992008339379873 10-02 
6.22 32 9 8 8  7 3 8 6 7 3 3 6 4 5 0 3 4 0 3 8 5 4 1 5  7 0 - 0 2  
6.2 2 6 6  4 2  7 904.292 4 2 0 4 8  7 9 6  1 1 80  6 8  3 0 - 0 2  
6 . 2 2 9 3 9 6 ~ 6 0 9 3 2 3 1 9 ~ 0 7 4 3 5 4 p 5 6 7 2 6 o - o 2  
6.23 1 6 9 0 7 0 7 1 7 3 2  1 3 1  1 1 9 0 1 4 9  1 3 3 4 5 0 - 0 2  
6 . 2 3 3 6 2 2 4 8 4 3 6 4 9 3 6 9 0 9 7 5 0 6 2  1905 10-02 
6 . 2 3 5 2 6 4 ~ 3 4 6 5 a 6 7 i 5 3 2 5 9 ~ 9 4 6 2 7 e i ~ - o 2  
6.2366 7 112 6 1 4 4 4 3 3 0 0  1 0 0 4 8 7 1  15 .560-02  
6 . 2 3 7 8 3 5 9 5 3 5 0 5 8 3 2 3 3 0 6 5 8 3 4 4 7 8 3 3 0 - 0 2  
6 . 2 3 8 9  4L i  10039 7 4 5 2 4  7 3  13001 3 0 9  7D-02 
6.2398660564633160938707310711D-02 
6 . 2 4 3 6 7 8 9 6 1 O 9 6 4 7 8 4 9 6 4 ~ 4 6 3 2 2 1 o 5 o - O 2  
6.2413 9 7 9 2 0 7 4 9 0 8  1 1 3 7  1 4 4 0 0 9 6 2 1  RD-02 
6 . 2 4 2 0 3 6 8 6 5 2 9 3  7 7 8 4 5 0 9  5 9 4 4 5 3 6 4 9 9 - 0 2  
6 . 2 4 2 6 0 7 L  3 6 2 1  7 1 6 7 1 9 9 0 4 3 3 5 2 7 5 2  73-i32 
6.2431 1850145113864&57032~OO355~D-02 
6.2 +3 5 7 8 I,5 0 114 2 3 3 2 0 2 3 35 2 6 14 55 60- 0 2  
i . 9 9 7 1 ~ 7 R 1 3 7 3 1 i 3 1 6 6 R 3 3 2 3 6 3 ~ 8 0 3 ~ ~ - 0 1  6 .2439933981369433965305364895D-92  
32 +.9973130285315106363838839998;)-31 
33 & .99 7 4  7 2  6 )  4 9 6 6  1 5 3  5 71 9 5 5 6  9 2  76 830-0  1 
34 4.9 97 6 1 8 4 4 0  4 0 3 3 6 6 8 9 1 3 53 4 6 31 7 913-0 1 
3 5  6.9977519165R962375234559478599-01 
3 6  i.9 97 8 7 4 50 1 7 5  7 8 6  2 3 83  9 2 47 3 6 7 20 4 3  -0 1 
3 7  4.  Q97 9 8 7 3 2  0 7  5 7 6  10 2 0 3  8 3  5 85 8 6 6 2 6 3 - 0  1 
3 8  '+.9 9 8 0 9  1 3 3 4 5  1 0 2 7  7 8 4 5 3  L 7 169OL64O-0 1 
39 4.9981875764330341895381787674~-31 
4 0  4 .9982 7 6 6 7 1  1 2 3 9 8 3 4 3 5 6 2 7 7  7 3 7 4 7 3 3 - 0 1  
4 1  4 . 9 9 R 3 5 9 3 5 0 3 2 9 5 4 5 2 9 6 7 8 3 4 5 8 1 3 1 1 3 - 0 1  
4 2  4 . 9 9 8 4 3 6 2 1  5 7 3 8 7 5 4 2  3 2 2 2 3 5 9 6 7 2  003-01  
6 .2443 7 0 4  2 7 0 3  9 9 7 6 5 8 8 0  92 6 1  60  1 5  7D-02 
6.2 4 4 7  125 7 2 0 6 5 0  22  1 2 4 7 1044 33 2 0 6 0  -02 
6 , 2 4 5 0 2 4 4 7 1 5 7 ' 1 7 9 5 5 2 5 1  85 0 8 1 3 7 8 7 2 - 0 2  
6 . 2 4 5 3 0 9 S 8 6 5 5 3 0 2 3 1 8 5  1 1 2 2 1 7 3  726D-02 
6 .2455 7 0 8 9 6 9 0 6 9 4 7 6 5 8 9 1 7 0 5 4 1  31 09-02 
6 . 2 4 5 8 1  0 3 7 9 4 9 2 4 2 0 3 0 8  142 8 3 3 6  76611-32 
6 . 2 4 6 0 3 2 3 7 1 8 0 1 7 8 5 3 7 8 6 8 6 5 9 6 7 7 8 1 0 - 0 2  
6- 2 4 6 4 1 4 8 4 3 0 2 9 7 7 8 6 5 6 9 7 2  738583913-02 
6 - 2465997263278350296749Ol5 1 0 5 7 - 0 2  
6 . 2 4 6 7 6 2 3 9 3 6 2 3 5 3 8 9 1 7 9 5 8 6 2 8 4 3 0 1 0 - 0 2  
4 3  6~9985078001263161386615647914D~Ol 6.2469 131 1 0 8 4 1  7 0 6 4 2 4 6 0 0  105568 7 0 - 0 2  
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1 3  
3 1  
TABLE TI.- Concluded 
4 4  4.9 9 8 5 7 4 5 76 5 9 12 6 4 9 4 '+ 0 6 95 R 8 82 8 0;)-0 1 6.247 0 5 3 3 112 94 1 17 4 8 2  6 9 8  b2 7 5  7 9 8 0- 0 2 
4 5  4 . 9 9 8 6 3 6 9 6 6 4 0 3 5 6 1 5 9 6 1 6 1 q 4 4 3 1 4 6 D - 0 1  6.247 1 8 5 1  1 3 3 4 7 1 0 3 9 6 5 5 6 8 1 9 8 2 4 2  10-02 
4 6  6 . V 9 8  6 9 5 3 4  56  7 7h 7 7 S L 1 3 a 9 4 4  5 985613-0 1 ' 6 . 2 4 7 3 0 7 8 3 5 4 3 9 5 8 8 5 2  L 7 5 2 0 0 6 3 4 1 6 D - 0 2  
47 4.9'79 7500q 1 0 3 6 0 5 4  1 8 3 3 5 6 3  51475771-01 
4 3  4 . 9 ~ 8 3 0 1 3 8 4 5 2 8 7 1 2 8 9 3 6 1 5 2 0 5 8 2 1 1 3 - 0 1  
4 9  4.908 84961 7 7 6 h 0 0 9 h 3 h 4 ' 3 8 9 2  1 9 2 2 5 0 - 0 1  
5 0  6 .999 9 Q4 9 9  5 5  4 8 0 9  3 7 4 5 9 6  30O b  56 50; ) - 0 1 
51 4 . 9 9 8 9  37733 ' :  7 5 6 7 6 2 4 3  6 7 6 0  0 8 8 5 7 4 3 - 0  1 
5 7  4.9'3 8 9  7 0 0 4  7 1  5 1 4 0 8 4 9 3 3  1 2 2  0 1 I 6  7 6 0 - 0  1 
57 4 . 9 9 9 0 1 5 1 0 6 5 2 8 6 3 4 6 5 7 l L d 2 4 5 2 2 4 9 3 - 0 1  
5 4  4 . 9 9 9 O 5 2 0 7 2 9 5 9 3 2 0 3 5 3 8 1 2 ?  3 9 9 4 4 8 0 - 0 1  
55 4. 9 9 9  08 4 10  3 4 8 4  I 5  4 8 8 4 3  55 3 7 0 4 7  8 8 3  -0 1 
5 h  4.999 I I 83320 '0  1 5  1 3 ~ 0 21 9 9 5  80401 5 ~ - 01 
5 7  4 .3991 408 '161458L 8 9 6 7 7 4 5 1 0 6 6 4 8 1 O - 0 1  
5 a  4 .9991 7 7 8 7 7 5 0 1 7 5  1 4 0  1 7 1  h 3  8 3 4 5 2 9 1 - 0 1  
5 9  6 . 9 9 9 2 O 5 4 1 1 6 7 3 6 5 ~ 2 O 5 5 3 4 8 7 2 5 2 8 8 3 - 0 1  
6 0  6.q992315R47370957874479459109Q-01 
6 1  4 . 9 9 9 2  5 6 4 5  49 7 5 0  1 Z 8 79 2 5 31 4 7 97 5 5 3 - 0 1  
67 4 . 9 3 9 2 8 0  19 3 6 2 5 8 9 4 7 3 1  3 7 0 6 9 8 9 5 8 6 3 - 3 1  
6 3  4.9Q9 3 0 2  7 8 5  54 7 4  18 9 3 3 6 4  3 7 0  9 6 8 2 7 2 - 9  1 
h 4  4.9q9-3 24-32 9 8  086 9 1 275 3 6 0 7  5 3 9 4  1 9 0 - 0  1 
6 5  4 . 9 9 9 3 4 4 8 " 0 7 1 9 2 2 6 5 R H 3 7 5 7 2 0 3 6 1 6 3 - 0 1  
6 t  4 . 9 q 7 3 6 4 5 2  5f! 0 2 5 1 5  6 1 3 6 7 7 9 9 3 9 8 6 4 1 3 - 0 1  
6 7  6 . 9 9 9 3 9 3 2 9  1 2 2 0 3 3 8 7 9 4 2 4 5 3  1 7 7 2 3 8 3 - 0 1  
6 6  r, .999 4 0  1 2 3 7  L 5 4 3 c 3  8 4 8  8 0 5 2  5 7 2 7 4 9 0  -0 1 
6.24  7 4 2 L 7 0 8 8 4 7 3 8 0 5 9 7 6 6 9 5 1 4 0 0 0  7D-07 
6 . 2 4 7 5 3 0 3 8 8 5 8 7 4 9 3 3 0 3 8 1 6 4 9 0 8 9 0 1 0 - 0 2  
6 . 2 4 7 6 3 1 4 6 2 7 b 3 7 6 2 7 9  124! . i36409010-02 
6 . 2 4 7 7 2 6 6 6 0 6 0 3 2 6 7 4 6 2 7 7 6 0 5 2 2  1 7 6 0 - 0 2  
6.2 4 7 8 15 8 5 9  3 8 90 0 3 3 17 7 9 0  7 R 8 2  6 0 8 0- 0 2 
6 . 2 4 7 9 0 0 O 9 0 4 5 8 7 O 1 3 7 6 8 0 4  1 0 2 2 9 1  LD-02 
6 . 2 4 7 9 7 9 5 4 4 4 1 3 3 1 5 3 2 3 5 2 7 2 0 6 4 9 7 2 D - 0 2  
6 . 2 4 8 0  5 4 5  7 5 6 3 5 1  9 4 7 8  1 0 7 7 6 3 4 3  7 3 8 0 - 0 2  
6 . 2 4 8  1 2 5 5 0 6 2 6 6 7  2 2 8 9  3 2 0 8 2  9 62 2 2  9D-02 
6.2 48 1 92 6 2 9 6 4 4 3  9 6  0 9 2 9 6 3  33  73 3 0 50 - 02 
6 . 2 4 8 2  5 6 2  1 3 3 4 5 2 9 5 9 4 1  2 7 3 5 2 3 1 6 9 4 0 - 0 2  
6 .2483 1 6 5 0 1 8 5 2 1 2  1 7 5 1  0 7 8 9 8 7 9 5 7 8 0 - 0 2  
6 .2483 7 3 7  1 6 9 0 3 9 9 9 4 0 3 9 2 8  1 3 2 5 2 8 8 D - 0 2  
6 .24  8 4 2 8 0 6 9 5 7 2 8 2  114 3 0 6 0 6 7 5 2 2 3  l n - 0 2  
6 . 2 4 8 4 7 9 7 4 2 1 0 1 1 3 3 9 5 9 6 8 7 L 5 5 8 4 0 7 D - 0 2  
5 . 2 4 8 5 2 8 7 0 9 5 3 2 3 6 3 3 6 2 9 8 5 4 3 9 2 6 2 0 0 - 0 2  
6 . 2 4 8 5 7 5 7 3 1 1 5 9 7 5 9 0 8 5 7 3 0 3 5 3 1 3 7 1 0 - 0 2  
b.24862035381673683196371Fl4413D-02 
6 . 2 4 8 6 6 2 9  1 3 0 2 9  1 4 9 0 9 2  8 8 6 6 4 4 0 1  2 9 0 - 0 2  
6 . 2 C R 7 0 3 5 3 4 0 3 9 3 5 3 O R 7 1 0 6 4 9 6 1 2 4 3 9 - 0 2  
6 . 2 4 8 7 4 2 3 3 2 7 3 7 6 7 6 8 3 0 6 1 2  1 2 9 9 4 1  8D-02 
6 . 2 4 8 7 7 9 4  1 6 4 7 8 9 5 0 8 2 0 ! i 9 7 2 0 1 5 9 3 4 D - 0 2  
4 . 9 9 9 4 1 9 4 1 0 6 4 8 1 1 0 6 7 3 2 4 ~ ~ 6 ~ 0 9 8 9 ~ - ~ 16 . 2 4 8 8  1 4 8  8 4 8  3 0  11 9 6 3 7  1 6 0  0 4  1 4  71 8D-02 
7 0  4 . 9 9 9 4 3 4 a 5 5 4 1 7 n 5 2 4 h 3 3 7 1 9 1 1 6 1 2 7 ~ - 0 1  
71 6 .  9 9 9 4 5 0 6  1 2  1 2 6 4 3 6 7 5 4 0 8 8 5  7 2 5 5 4 7 D - 0 1  
7 2  r t . r )9>1+65718643Sl  3 3 3 6 3 8 2 9 3 3  7 4 4 9 Q - 0  1 
7 3  '+.9 9 9 / + 8 0 2LC265 38 53293 53 6 85 96 5 2 0 - 0  1 
7 4  4 . 9 9 9 4 9 4 1 1  W 7 5 5 9 2 ? 6 7 9 8 1 S 4 9 8 3 6 9 ? - 0 1  
7 5  4 . 9 9 9 5 0 7 4 7 8 3 8  1573 5 3 6 3  7 4 5 8 0 9 5 2 1  3 - 0 1  
7 h  4 . 9 0 9 5  7 .33  1 4 3  8 4 7 6  1 1 3  7 7 3 5 3  2 9 0 9 2 1 3 - 0 1  
7 7  '+ .9 9 9  5 3 2  h 5 4 8  3 5 9  75 + R  7 6 4 7 0  88 R 7 3 5 > -0 1 
7 8  4 . 9 9 9 5 4 + 5 ? 4 9 2 6 2 7 2  3 8 3  1 9 5 9 2  0 6 8 0 5 ; ) - 3 1  
7 9  6 . 9 9 9 5 5 5 9 4 8 2 6 5 7 7 6 3 9 L A 5 6 2 9 8 6 4 3 5 0 - 0 1  
R C  4.99  3 5 h6 9 4  7 0  3 1 3 2 4 79 0 92  6 8  4 4 4 0  1 83- 0 1 
81 4.999 5 7 7 5 4  1 9 2  3 9 5 5  '763 5 9 3  3 5 F! 2 5 2 4 0 - 0  1 
6 . 2 4  88 6 8  3 30  23  7 53 0 8 5  9 0 1 9  7 0 2  0 90.90-02 
6 . 2 4 8 8 8 1 3 3 8 6 2 9 2 R 1 4 3 5 7 6 8 9 4 6 9 4 6 5 0 - 0 2  
6 . 2 4 8 9  L 2 4 8 9 9 5  8 9 5 3 5  4 5  9 4 0 6 5 6 6 0 6  10-02 
6.24  8 9 4 ?  3 5 8 6 9 7  1 5  7 5  0 1 0 7 3  7 0  1 5  0 0  L D- 0 2  
6 . 2 4 8 9  710 1 4 2  7 6 5 9 7 0  7 0 4 3 2  3 7 7 0 8 4 4 0 - 0 7 '  
6 . 2 4 8 9  9 8 5  2 1 4 9 5 4  1 4 7  5 7 2 0 3  4 9 5 6  0 3  8D-02 
6 . 2 4 9 0 L 4 9 4 0 8 8 3 5 4 5 9 4 6 8 1 0 2 3 4 0 9 6 2 D - 0 2  
6.24  90  5 0 3 2 9 0 3 5 5 9 6 7  1 8 6 3 7 2 9 5 3  53 30-02 
6 . 2 4 9 3 7 4 7 3 8 9 1 3 8 8 9 6 7 3 7 6 5 3 4 3 2 8 4 6 0 - 0 2  
4 .24909R2201245962326382198L661~-02  
6 . 2 4 9 1  2 0 0  1 9 15 9 7 2 4 7 2  0 3 7 3 8 7 9 4  11LO-02 
6 . 2 4 9 1 4 2 5  796772845587549S09793D-02 
0 2  4.9~9557752567324487047~01S250~-01 4. 2 4 9  1 6  35 4 2 6  11 7 9 6 3 6  7 7 2 1  83 3 2 3 5 5 0 - 0 2  
8 3  4.7~9597597297R631YL411~93~~16~-016 . 2 4 9 1 8 3 7 4 6 4 6 7 0 3 3 9 0 8 2 6 4 ? ? 6 2 7 9 2 i I O - 0 2  
8 4  6 . 9 9 9 6 0 7 0 9 3 3 9  75 LO75?32'.>O323 0 4 9 3 - 0 1  
8 5  4 . 9 9 9 6 1 6 2 5  71 3 9 6 6 4 0 3 9 0 2 9 2 2 5 5 4 7 2 0 - 0 1  
8 6  4 . 9 9 9 6 2 5 1  0 3  8 5 9 0 0 0  745543S235.2  32D-OL 
57 4 . 9 9 9  h 7  3 6 4  80 1 5 7 2 5  599 2 6 53 6 8 2 4  163-01 
88 6 . 9 9 9 6 4  1 9 9  32  5 4 7 4 3  9 4 6 5 6 9 5  1 3 3 2 4 1  D-0 1 
8 9  6 . 9 3 9 h 4 ~ 8 8 2 4 6 0 2 1 5 5 3 3 8 2 0 9 2 9 7 7 1 2 > - 0 1  
9 0  4 . 9 9 9 6 5 7 5 9 7 8 3 5 8 9 6  1 2 7 9 9 7 3  7 5 3 4  1 4 3 - 0 1  
91 4 . 0 9 9 6 6  506 0 8 0  1 6 3 4 6 4  1 h 3 35 5 18 4  120-0  1 
9 2  4 . 9 9 9 6 7 ? 2 ?  2 1  3 6 7 5 7 7 0 5 6  132 9 7 0 4 3  13-01 
93 4 ~ 9 9 9 6 7 9 2 7 2 7 1 7 8 4 1 7 3 2 0 0 9 o 7 3 L 3 4 2 n - o L  
6 , 2 4 9 2 0 3 2 2 7 4 4 2 6  7 2 4 2 7 0 8 0 4 4 9 0 9 1 9 3 - 0 2  
6 ;  2 4  Yi!2 2  01 9 6  0 6 4 2  0 5  3 0 8 4 5 9 9 2 6  6 3  5D-02 
6 . 2 4 9 2 4 0 1  5 5 0 4 2 8 8 6 1 6  L 1 1 0 1 4 4 6 3 8 1 0 - 0 2  
6.2492 576634904969188863816238D-02 
6 . 2 4 9 2  7 4 5  7 4 9 6 7 5  3 2 6 2 0 6 5 8  7 2  9 5  040D- 02 
6 . 2 4 9 2 9 0 9 1 4 8 8 3 0 6  1 5 8 1  7 9 1  7 6 6 5  85 7 P 0 2  
6.2493 O67091~~~900096020433473o-O2 
6.2493 2 138 1R 3 0 0 6  95  6 2  4 4 4  5 5  5 7 IO ZD- 0 2  
6 . 2 4 9 3  3 6 7 5 5 5 8  2 33  0302 6 15 90403 4 7D-02 
6, 2 4 9 3 5 1 0  5 1 9 1 5 4 5 6 8  1 5 7 7 8 8 7 4 4 8 7 9 O - 0 2  
0 4  ~.939hAo04L70954397399359Y4231~-01 6.2493 6 4 6 9 1 1  7 4 4 0 3  2 0 7 6  1 0 8 1 9 2 4 6 7 D - 0 2  
9 5  4 9 9 9 6 9 2 5 9 8 5 6 4 7 3 8  5 8 1  9 9 3 8  7 8 9 8 1 8 0 - 0 1  5 .2493 7 8 2 9 2 6 3 2 0 4 7  163003 32 5 4 3 8 3 0 - 0 2  
96 4.999h98952C581906115365h813R70-01 h. 2 4 9  3 9  1Z 7 4 5 5 6 2 6  3 5  1 4 9 9 6  33 02 45  8 0 - 0 2  
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6 9  
TABLE ITI. - GAUSSIAN QUADRATURE ABSCISSAS AND WEIGHTS 
48SZISS4S 4\10 W E I G H T S  FOR THE W E I G H T  FUNCTION L N ~ 1 ~ / X l ~ ~ 1 ~ ~ X l * ~ ~ A L P H A ~ l ~ l9 V E R  
THE I A T t Q . V A 1  ( 0 . r  1.) Fr14 A L P H A  = 1~50000000’300000003000000000000+00A N D  
F O R  V = 8 THRIJ N = 9 6  I N  I N C ? E M E N T S  OF 3 
N =  8 
M X ( Y 1  
1 . 2 6 8 0 0 j 8 C ;  3 4 / + 5 L116 1 2 7 8 4 5  5 7 8  102D-02 
7 . 5 9 0 1  1 9 5 7 7 @ 4 1 5 4 5 6 6 3 2 4 2 0 3 9 3 4 7 O i ) - O Z  
1.8Rbh23 1 6 6 3  35672 3 6 9 4 6 1 3 2 6 0 4 0  13-01 
3 . 3 8 7 9 5 3 0 7  3 2 S 4 8 m 5 6 5 6  7 4 3 0 4 7 6 5 1 3 - 0 1  
5 . 0 ~ 9 3 9 a 9 4 9 ~ 1 4 4 7 1 3 7 3 6 8 9 5 3 3 9 1 3 4 i ) - o i  
6 . 7 8 9 5 3 5 h 6 5 9 5 6 1 1 7 4 9 7 R R  1 6 4 1  1 2 0 0 3 - 0 1  
a. 2 9 4 8 2  35 1 4 0 ~ 7 0 9 7 4 0 7 4 3 6 2 4 2 4 3 5 2 ~ - 0 i  
9.39  5 3 0 h 4 f?6 2 77 4 7 3 9 2 14 1 3 9 5 8 93 12 0 -0 1 
N = 1 5  
M X (  Y )  
1 3.793 1 1 5 4 4 9 7 7 9 5 0 3 1 3 4 7 0 Q 3 6 9 3 6 3 5 D - 0 3  
7 2.24O235550727299012343350139313-02 
3 5 . 6 7 0 ? 3 7 h 9 3 4 ? 2 ’ Z 4 7 d 7 3 9 8 4 6 8 1 3 1 5 1 3 - 0 2  
4 1. ~ 5 7 7 7 6 2 9 5 ~ 4 9 8 Y + 2 ? 1 5 1 5 5 6 9 8 5 0 3 ? - 0 1  
5 1.581 0 5 2 6 9 0 4 7 2 3 5 4 9 2 3 6 9 1 3 8 7 8 3 1  12-01 
6 2 . 4 1 6 6 4 6 8 6 1 2 9 6 3 1 7 5 2 7 2 0 0 6 9 3 2 7 1 4 3 - 0 1  
7 3 . 2 6 1 2 3 9 1 1  5 3 2 3 1  3 8 6 7 1  9 3 5 7 2  1581411-01 
8 4 . 1 2 4 3 0 6 3 9 1 5 6 2 1 9 1 1 3 6 3 1 7 6 7 7 1 6 4 8 0 - 0 1  
9 5 . 0 3 9 1 0 3 2 5 1  7 9 1 9 7 3  7 0 8 6 0 1 0 3 3 1 6 4 2 0 - 0 1  
10 5.953 7 3 4 2  9 7 2  15 5 5 7  695 7 9 32 2 9 6 1  343 -0 1 
11 6 . 8 3 7 1 9 4 2 0 5 2 8 0 4 1 7 5 3 4 4 1 2 9 4 4 1 8 8 0 0 - 0 1  
1 2  7 . 6 5 9 4 4 7 2 0 3 9 9 5  840 7 6 3 9 2  7 4 6 3  7265D-01 
W(M1 
1.57 1 8 2 0 3  1 7 2 7  7.86014 9 8 1 4  082867211-0 1 
2.2L 7 4 9 3 6 5 2 7 ? 9 8 9 4 3 0 3 6 4 7 8 3 4 8 9 7 6 + C I l  
2.01 2 8 0 7 2 2 7 8 3 3 4 8 4 0 5 8 7 0 1  2852 3 3 4 0 - 0 1  
1 . 4 3 7 6 4 4 5 5 2 3 2 3 3 2 4 2 2 3 5 2 5 4 6 5 5 2 4 3 1 3 - 3 1  
d.  	21 3 8 6 4 1  5 4 7 4 0 2 3 9 0 0 2 0 1 6 1 2 5 1 2 3 7 0 - 0 2  
3 . 5 7 7 2 0 6 3 9 1 2 4 0 3  1 4 9 8 3 9 4 1 4 9 6 9 4 8 3 ? - 0 2  
1.03 6 1 6 9 4 9 2  5 4 8 9  8 0 8 9 2 7  5360 33 1 5  4D-02 
1.3325 816 2 2 4 3 2 4 3 9 5 3 2 1  5 5 8 4 3 4 8 2  83-03 
d ( Y 1  
5.93 1 6 7 2 ~ 1 6 2 8 6 ~ 2 3 9 7 9 0 3 1 1 2 0 8 2 3 2 r ) - O ~  
0.9709 20 7 3 4 6 7 9 0 4  I 7 4 5  785 8 2 2 5 2 3  7D-02 
1 . 1 4 7 7 R 9 C 4 8 4 6 8 4 4 0 ~38 593 61 1 7 8 3  50-01 
1.18 9 5 9 2 0 9  37 77  9 1045 5 7 ZO 7 6  04 3 5 3D - 01 
1.1111 11L94466020629058356644CID-01 
9.6954292 1 9  1 5 7 7 1 9 2 9 5 5  7 0 1  154378D-02 
7 . 9 5 5 6 3 ~ 4 9 2 8 5 6 L 4 0 0 9 1 1 8 0 0 1 2 5 7 6 8 0 - 0 2  
6 . 1 4 0 8 7 5 4 4 7 9 5 4 9 0 0 4 9 5 2 9 8 5 1 1 0 6 9 1 D - 0 2  
4.4405 9 4 7 0 6 7 2 0 3 5 8 1  1 6 0 7 9 0 7 5 9 9 0 7 D - 0 2  
2 . 9 8 2 4 6 8 6 3 2 5 3 3 0 4 1 9 1  8682 13078121)-02 
1. 834029759423871878573981523OD-02  
1.0389 4 7 8 3 4 0 6 1 5 6 6 2 0  1 0 9 1110 0 9 4  10-02 
17 8 ~ 3 ~ ~ 5 4 5 0 0 7 1 1 9 9 ~ 3 1 ~ R L 2 2 2 3 8 ~ 9 1 6 ~ - 0 14. 7 7 6 9  1 5 47 6 0 7 5 2  03  0 5 8545 7 7 9 0 6 3  09-03 
1 4  9.0 115 0 4 0 3  8 4 0 7 3 4 9 2  8 3 5 3 3 6  033 9 4 6 0 - 0 1  
15 9 . 4 9 5 2 2 6 5 9 5 4 4 2 2 5 9  5 2 4 8 5 1 3 7 3 9 5 2 1 Q - 0 1  
1 6  J . 8 2 7 2 5 8 8 2 3 0 7 0 3 4 6 0 0 3 6 9 1 3 8  1 1 6 6 1 7 - 0 1  
N = 2’+ 
X I  Y 1  
1 1.810912904143O9123113383479573-03 
2 L . 0 5 9 ? 0 9 6 1 6 7 7 8 1 4 2 0 9 3 1 4 ~ 6 6 ~ 6 ~ 7 9 ~ - 0 2  
3 ? . 6 R 4 O 1 5 4 8 6 2 6 5 0 6 5 9 R 5 2 0 2 4 2 9 2 8 C 7 3 - 0 2  
4 5 .038 7 3 4 9 3  32 7 2 6 1 2  79T86?4%4465n-OL 
5 9 . 3  3 1 3 30 RO 4 9  5 7 0 4 6  92 3 4 3 1 2  7 1 2  105 3 -0  2 
h 1.179 7 2 4 4 j 4 8 5 3 7 2 0 4 0 3 6 1 4 2 2  602 1 2 3 - 0 1  
7 I .  h LOO74542 7 1 0 6 7 2 6 2 6 8 7 7 3 5 9 6 4 112-01 
A 2.093 6 0 9 5 6  15 1 6 6 5 2 0 3 7 2 6 4 7  1 3 6 1  5 0 3 - 0 1  
0 2.622 8 7 3 5 R 2 5 9 7 R 4 8 3  l P 8 1 1 6 5 1 7 2  0 6 3 - 0 1  
10 3 . 1 8 9 6 5 5 3 $ 7 9 3 9 ? 6 8  %78!31O9339393Q-01 
11 3 . 7 8 5 1 ? 4 1 9 8 4 8 5 9 9 9 S O h 6 2 7 3 1 2  7 3 8 6 3 - 0 1  
12  4.3 9 9  9 7 341 5 15 59 7 9  5 3 R 7 3 1 5  0 9 9 8 6 6  ?-0 1 
1-3 5 . 0 2 4 5 7  11 1 6 1 4 0 0 9 L  7 Y 8 4 0 7 6 2 5 3 3 6 8 3 - 0  1 
1 4  5 . 6 4 9 1  1 4 9 5 4 0 5 4 ~ 3 a 7 6 1 5 2 0 7 8 9 4 4 4 ~ ~ - 0 1  
1 5  6 .2637 a942 1 8 3 9 7 0 16 7 3 4 6 7 6  163383,3-01  
16 5 .  P589? 30  5 0 4 9  5946 9 0 6 4 4  13 53  1 0 3 5 3 - 0 1  
1 7  7.475 1 4 3 1 3 1  5 9 6 ~ 7 0 2 Y ~ 2 6 6 5 2 9 5 3 9 1 ~ - 0 1  
18 7.953 5255572475649837068909Y48)-01 
19 8 .4357 3743 2 7 9 2 5 0 6  5719899 4 b 0 3  1 3 0 - 0 1  
2 0  8.55% 170 2 3 3 3  1 5 3 4 2  632 8 5 6 3  7 0 6  1 9 6 7 - 0  1 
1.8 1 4 5  3 2 9 7 1 5 1 4  1 3 8 2  8 9 2 1 7 9 2  009991)-03 
4 .7734 7 5  1 6 4 3 0 6 3 6 4 8 3  1 9 0 2 0 6 4 1 6 8 9 ~ - 0 4  
5 . 7 7 1 8 9 5 9 1  1 4 3 0 4 5 0 5 8 8 9 3 5 0 584866D-05 
W ( M )  

3.1843 7 0 8 3 6 6 6 0 0 4 9 5 7 2 0 9 7 3 4 4 7 6 8 6 D - 0 2  
5 . 6 6 6 6 2 6 4 5 5 0 7  3 1 1 4 2 0  7430 9 7 4 8 3 5  30- 02 
7. 1 1 6 4 3 4 7 3 1 3 5 7 5 6 7 7 4 8 7 9 2 3 4 7 2 4 3 3 D - 0 . 2  
7.89 1 A 4 8 S 4 3 0 9 6 7 4 8 2 6 8  1 6 9 0 6 8 2 8 3  O W 0 2  
8.15 5 9 6 2  1 0 6 3  8 0 6 8 9 9 2  3 1 72 5401 4 1  10-02 
8.05 R9 5 4 6 4 0 7 4 1  82 9 5 4 0 1 7 2 7 2 9 0 0 2  10-02 
7 . 6 6 3 5 0 6 4 0 3 8 3 2 8 5 7 6 3 6 8 7 9 0 1 8 5 9 9 5 0 - 0 2  
7.0592 1 7 8 1 6 2 1 0 4 7 7 9 1 2 6 9 5 1  7 1 0 6 7 6 9 - 0 2  
6.31 5 7 9 7 9 5 1  3461 6 4 8 9 2  155641873OO-02 
5.49 4 2 4  1 5 9 6 4 2 8 8 3  3 6 2 6  192 6 7 0 1  6 2 2 0 - 0 2  
4 . 6 4 6 9 3 0 5  1 8 4 8 7 5 8 7 2 7 9 3 5 8 7 2 9 8 0 3 5 D - 0 2  
3.81 7 3 8 6 6 9 8 9 2 9 3 5 5 6 0 0 8 6 5 9 2 4 6 1 1 2 r b 0 2  
3.0400 372 7 8 3 2 3 9  7 0 7 5 9 6 4 4 1 0 9 5  9 3 6 0 - 0 2  
2 .34  0 1 7 6 8 8 5 9 4 2  7 2 9 5 4 R 3 16 59 8 7 2 7 7 ID- 02 
1.7342 18O929209863346186734146 l ) -02  
1 .2302 61 9 4 6 6 5 0 7 5 3 7  1 2 3 3 0 3 0 3 0 2 6 0 D - 0 2  
8.2898 0 4 3 5 4 3 5 4 5 2 2 7 6 3 6 6 1  92 lb74Or) -03  
5.2 4 7 7  3 80 19 349 6 3 00 8 7 1‘t2 5 8 8 5 86 09-0 3 
3.07 1 4 4 5  7 2 3 6 9 6 5  2 85 0 3  2 7 9 4 0  7 6 8 8  70-0  3 
1.62 2 15 52 5 46 9 2  18 100 4 7 8 7 9 4  A76 9 70-0  3 
40 

TABLE III.- Continued 
2 1  9 . 2 3 2 0 6  1 4 6 3 1  1 2 5 6 3 7 3 1 4 6 5 3 8  1 3 7 0 9 7 - 0 1  7.43 09  9062 0 6 6 0  5 6 4 9 1  8 0 0 6 0 9 6 8  83 1 0 - 0 4  
22 9.533 403 1 4  97 0 9 7 7 3  315 3 1 5  3 7 3 9 9 1  5')-01 2.75 0 8 50 7 1 57 3 59 74 3  5 2 6 7 6  7 1 3 9 3  8 70- 0 4  
7 3  9 . 7 6 6 3 3 6 8 3 2 0 8 3 6 2 9 4 9 1 4 2 9 5 6 3 1 4 9 8 2 - 0 1  7.10 0 4 6 6 l t  1 3  1 14 3 8 2  7 4 0 9 9 3  10881 07D-05 
2 4  9 . 9 1 9 7 4 6 3 1 9 0 5 4 2 2 1  35O861L 5 4 2 4 2 2 3 - 0 1  8 . 4 7 d 8 5 7 4 8 3 2 0 4 1 4 5 8 6 6 4 1 8 2 4 7 0 2 9 4 1 3 - 0 6  
N = 32 
M X ( Y 1  W (  M I  
1 1.0602 I 7 7 0 4 5 6 6 3 3 3 0 0 3 5 5  3 2  3 3 2 1 5 5 2 - 0 3  2 . 0 1 2 6 2 6 1  2 8 7 9 9 5 0 5 8 9 4 5 6 5 9 5  71 570D-02 
2 6 . 1 6 3 2 9 6 9 8 0 3 6 0 3 4 0 4 0 9 5 6 9 9 5 8 5 8 2 0 3 - 0 3  3.6 RE923489945 8 8 2 7 3 6  172 8 9 9 1  2 1  8D-02 
3 1.559 8 8  115 7 3 8 7 9 6 1  a 5 9 5 4 0 2  4 2  5 9 4 l D - 0 2  4 .7879 5 5 9 2 3 0 2 4 6 3 3 0 2 7  1 0 5 2 7  1 6 8 0  LD-02 
4 2 .9332 5 0 8 9  1 3 2 4 1 5 2 9 2 0 2  5 3 4 4 7 1 3 2 9 3 - 0 2  5.51 1 5 0 0 6 0 8 6 9 6 4 3 8 2  8 0 1 6 4 8 0 8 4 8 2  3D-02 
5 4.7 1 5  0 7 3 3 0 17 4 0 6  9 6 44 58 9 8  5 4 4 53 0 8 3  -02 5 - 9 5 2 3  1 8 9 7 6 7 9 0 6 2 2 5 0 5 2 6 8 7 7 8 8 2 7 ~ O - 0 2  
6 6.92 3 7 6  9 4  7 8 3 2 0 17 9 45 7 5 18 5 9 12 9 00 13- 0 2 6 . 1 6 7 8 3 7 5 7 0 6 5 8 9 9 4 4 8 2 5 6 6 7 6 6 1  0380-02 
7 9 . 5 0 7 7 0 2 1 9 3 3 0 4 0 0 1 7 8 5 ~ 2 4 4 0 5 6 5 6 5 ~ - 0 2  6 .2001 5 2 0 9 1  8 0 5 0 5 5 7 8 9 8 9 4 3 1  1 0 1 8 2 0 - 0 2  
8 1 . 2 4 5 5 4 9 3 7 0 5  3 3 2 4 8 5 8 0 4 1 7 8 0 1  1 6 5 2 0 - 0 1  6 . 0 8 3 4 4 5 7 7 0 0 7 4 4 0 9 9 2 2  191 6 2 6 4  73 50-02 
9 1 . 5 7 6 1 2 5 0 9 8 8 0 7 2 3 2  10R019556212.40-01 5.8471972 6 4 6 4 2 5 3 7 9 6 3 0 3 3 0 0 9 1 2 7 7 D - 0 2  
10 1 . 9 3 3 5 9 4 2 5 4 3 0 0 8 8 2  5 5 5 4 8 8 5 7 9 9 4 0 5 3 - 0 1  5.51 7 6 6 2  1700323007935486880885D-02 
1 1  2.37 0 75  8 8 8 9 0  18233 5 1 7 8 0 3 47 6 4 3 6 8 0 - 0  1 5. 1185539522380835241171961756D-02 
17: Z - 7 3 2  1 6 2 0 8 5 8 8 4 4 2 8  14313OC~O574663-01 4 .67132 7 4 8 0 9 3  1 3 0 7 1 2 3 9 9 8 8 7 4 8 5 4 2 0 - 0 2  
1 3  3 . 1 6 4 1 1 9 6 3 4 6 4 2 ~ 6 4 7 9 2 1 5 6 9 7 6 3 9 2 3 ~ - 0 1  4 . 1 9 5 2 6 2 2 0 3 3 3 7 8 0 1 9 3 1 5 8 7 5 1 0 4 6 3 6 0 - 0 2  
1 4  3.6 12 7 5 444 9 7 2 6 7  18 0 2  3 0 5  3 18s62 340-0  1 3.70 7 4  5 0 2  393 7 7 0  1 3  3 6 3  1 6 8 9 26 9  5 0  8D- 02 
15 4 . 3 7 4 0 3 2 5 7 9 9 5 2 4 0 6 8 5 0 0 1 3 4 8 6 6 1 5 4 D - 0 1  3 . 2 2 2 7 4 9 5 8 2 4 7 0 3 1 3 5 1 7 0 0 7 6 5 5 2 0 6 4 0 - 0 2  
1 6  4.54380020226O2779866543642270o-oL 2.753738413R21906202590207863lD-02 
1 7  5 . 0 1 7 8 2 2 3 5 4 7 8 3 0 5 3 2 5 8 6 2 0 7 4 8 3 7 2 4 3 - 0 1  2.31 0 6 9 2 4 7 2 8 3 6 8 9 5 6 5 7 6 9 0 5 5 4 6  1 0 1 0 - 0 2  
18 5 - 4 9 1  8 2 1  34020955480084679768993-O1 1.901 5 9 8 5  7 5 6 5 7 0 3 6 5 2 9 3 1 2 3 9 7 4 0 190-32 
1 9  5.961 5 1 6 2 1 4 6  7 8 2 2 2  51  53 725 9 1  77860-3 1 I. 53 2 2  1 1 3 8 0 6 4 7 7  3 3 4 4 5  155 46 6 4  3 9  80- 02 
2 0  6.472 6 6 1  9 6 8 1  2 9 8 9 7 2 9 2 9 0 3 5 5 4 2 0 2 9 D - 0  1 1.2061 561756551013320056909878D-02 
2 1  6.871 0 8 8 3 9 7 9 6 9 9 4 3 8 0 7 4 4 6 2  7 1  33 O2D-01 9.2507 7 136 9 4 7  1 9  42  105 1 1 6 4 9  334030-03 
2 2  7 . 3 0 2 7 3 8 2 7 8 3 2 8 2 9 5 8 0 3 0 8 ~ l 3 8 6 4 7 7 9 0 - 0 1  6.88 8 2  8 35 3 0 9 3  7 2  75 3 0  1 1 4 3  95 0 75  8 7D-03 
2 3  7 . 7 1 3 7 0 4 4 5  1 7 2 4 13 4 8 8  1 4 2 7 2 2 3 7 4 5 9 0 - 0 1  4.95 7 0  1 4 8 9 8 9 7 5 4 28 5 7  8 2 4 5 4 3  1 0 5 4 4 0 - 0 3  
2 4  8 . 1 0 3 2 6 5 7 1  8 2 6 5 4 0 0 0 8 5 1 0 8 1  2 6 1 8 2 6 3 - 0 1  3.4268519782147256718316590226D-03 
2 5  8 - 4 5 8 9 2 0 5 6 9 5  1 1 4 5 7 9 3 1 0 4 1 0  7 1 4 6 7 5 3 - 0 1  2 . 2 5 7 4 6 6 7 8 0 1 8 2 1  7 9 5 0 2 3 4 4  8052526D-0 3 
26 8 . 7 8 6 4  1 9 5 0 9 9  1 3 7 7  5 8 4 7  7 0 4 0  9 7 0 8  07D-0 1 1.4012 7 7 9 6 8 4 2 9 4 8 7 4 1 5 5 3 0 4 3 3 5 0 6 4 D - 0 3  
2 7  9 . 0 7 9 7 9 4 6 2  9 1  1 9 5 5 4 6 3 1  7 2 1 6 6 5 0 5 2 4 0 - 0 1  8 .0646252265097909903499661753D-04 
2 8  9 . 3  3 6 3  8 6 7 9 6 5  6 8608 8 2 9  0 7 5  7 0 1 9 6  1 9 3 - 0  1 4 . 1 9 9 2 5 3 3 3 9 4 3 9 7 1 8 6 9 0 5 9 3 7 3 2 6 6 4 3 D - 0 4  
2 9  9.553 8 7 0 0 5  8 9 9  1 5 4 4 5 8 6128 8 6 0 7 3  34D-61 1.9013 5 1 0 5 8 5 8 5 1 4 6 7 4 6 5 2 8 7 1  7 6 0 7 8 0 - 0 4  
3 0  9 . 7 3 D 2 7 3 1 9 7 5 9 5 8 8 7 8 7 8 3 6 9 9 9 6 7 6 8 0 0 - 0  A 6 . 9 7 3 9 2 9 7 7 6 5 8 9 7 6  1 9  5 8 6 1 0 4 5 5 6  124D-05 
31 9.863 9 9 9 0 4 2  7 6  5083 3 43 0 17  35 1 99 3 1D - 0 1  1 .7877883692605131382829340583D-05 
32 9.953 8 4 8 6 9 9 2  8 5 0 2 6 8 6  5 9 7 5 5 5 3 1 8 0 7 D - 0 1  2.1251 46625281.7087430297664468D-06 
u = 43 
M X (  Y l  W ( M )  
1 6.9 6 % 5 6 7 0 4 3 5 5 6 4  14 77  3 54  2 3 9 0 2 6 6 0 3  - 0 4  1 . 3 9 8 3 2  34 5486 31 1 4 6 8  7 6 6 8 1 6 3 0 0 5  9D-02 
2 4 . 0 2 7 3 4 2 4 ' 3 6 9 0 5 5 1 8 7 7 4 6 3 9 1 5 0 6 3 2 1 1 - 0 3  2.6 1 12 7 5 3 2 4 6  8732 7 4  9 6  5 8 %4 8  5 6 98 2D-02 
7 I .  01 a ~ 0 3 4 6 9 7 23 0 3 8 4 3 1  1 4 2 9 5 7 0 8 8 8 0 - 0 2  3.4561 9 8 3 5 4 1 5 0 1  6 0 4 4 0 4 4 7 2 7 4 8 0 8  30-02 
4 1 . 9 1 6 6 3 2 3 9 9 1 5 5 4 9 7 2 5 2 6 9 2 9 4 6 6 0 5 1 3 - 0 2  4 . 0 6 3 6 6 4 3 1 2 2  7 0 6 9  8 9 9 3 3  70  1 8 5 5 6 3  5D-02 
5 3 .092 2 6 5 6 5 2 3 9 2 9 2 7  5 7 9 5 9 0 3  7 6 0 7  1 3 0 - 0 2  4.49 2 16 7  7 8 6 4  13 7 9 9 2  8 5  3 7 6 9 25 6  7 110- 0 2 
6 4.539713075009758207198085363lD-02 4 . 7 7 6 3 6 7 0 5 4 3 0 4 4 7 3 7 3 5 0 5 9 8 6 7 3 5  7 5 0 - 0 2  
7 6.2 51 172 7 9 7 9  5 9487 965 2 9 8 3 6  2 0 3  3 05-02 4 .9403 7 9 9 5 7 6 5 6 1  3 0 1 8 0 8 9 5 4 5 q 4 2 7 5 D - 0 2  
8 8.7 1 7  1 5 7 2 5 0 9 4 8 2  83 1 6 8 9 9 6 3 0 2 8 8 2 8 3 - 0 2  5.0028 5 5 3 30 1 3 4 3 3  8 6 0  8 1 0 6 4 93 4 5 7  8D- 02 
9 1. 042 6 5 9 0 3  8 5 0  1 0 ~ 1 9 0 1 7 3 9 7 4 9 2 6 7 6 ~ - 0 1  4.9792 7 6 7 0 4 3 5 8 4 2 4 6 7 0 3 8 3 2 9 9 6 5 0 6 ' 3 - 0 2  
10 1.2 8 6 6 8 9 6 8 6 0 5 7  13 7 1 7 3 7 4 2 2 0  884303-01 4 . 8 8 3 1 2 1 1  7 7 1 0 4 9 5 3 1 3 5 5 1 4 9 6 9 1 4 6  10-02 
11 1 . 5 5 2 4 0 9 1  1 3 0 1  0 3 5 7 8 6 j 5 3 0 1  8 4 9 6 5 2 0 - 0 1  4. 7 2 6 4 7 5 7 2 6 4 0 3 7 8 8 7 0  7685 7 7 0 8 4 4  hO-02 
1 2  1.83828697927965516990608869d3~-01 4 . 5 2 0 3 7 1 7 3 9 8 6 9 4 3 8 5 2 6 5 2 1 2 2 0 8 3 5 9 D - 0 2  
1 3  2.142 6 7086 70 3 9 7 0 0 9 9 7  12 3 6 3 6 7 0 7  9 0 - 0  1 4 . 2 7 4 9 6 3 8 4 4 1 3 2  1 5 3 9 7 3  7 6 8  19 1223613-02 
1 4  2.463 7 9 6 5  1 9 7 2 4 7 5 9  7 1 2 2 9 3  1 8 6  0 5 9 6 0 - 0  1 3.9996 1 9 4 9 2 4 7 2 5 4 4 6  7 3 4 1 0 3 6  7 9 0 3  00-02 
15 2 . 7 9 9 7 9 8 6 0 0 9 0  1 8 O 9 9 7 0 5 7 2 7 0 0 4 6 7  12-0  1 3.702 9 5685 99747 9 2 5 0 0 0 3 1  9 5 4 8  8 5 3 0 - 0 2  
16  3.14R 7 2  19 7  7 6 6 4 2  53  5 0 0 0  7 6 1 5 4 9 2 2 2  3-0 1 3.3928 53  5 I O 2 2 6 4 2 7 1  2 1 4 3 5 9 2  15254D- 0 2  
1 7  3.50 8 5 3 346 0 3 9 6 9  53 55 8 3 4 9  8 7 7 58 7 4 3 - 0  1 3 . 0 7 6 4 3 9 9 1 3 5 6 6 7 1 1 8 5 7 6 4 4 3 3 2 9 2 6 0 0 - 0 2  
18 3.877 1 3 3 9 6 3 5 6 6 5 9 4 8 7 6  1 4 7 0  1 8 4 0 7 3 3 - 0 1  2 .7600063 6 6 2 1 6 0 7 5 2 9 8 Q 2 2 4 1 8 31 9 0 0 - 0 2  
41 
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4.25237 10221010425536 701 55425113-01 
4.6 3 2 3 5 1 59 85 8 3298 5963 8226 3 422 93 -01 
5 .0139551115987300714850666143D-01  
5.395846612639862 74628386  142470-0 1 
5.7754900369566701322902 178184D-01 
5.153 6 6 145 2 491656 147 2 5 35 003  7350-0 1 
5.5 19 1 6 2  23046  21 33 36499443 7 18 825-0 1 
5.878832061 1830736929876736035D-01 
7 .22756173931819395626180652353-01  
7.563 3056438719388424697  156 1040-0 1 
7. a84 09383 98649  1 L 1 103 1 8 2 4I 540917-0 1 
8 . 1 8 8 0 4 3 7 ~ 0 7 5 6 4 2 6 5 4 6 2 3 9 0 5 0 1 5 1 2 ~ - 0 1  
8.473 3 7 11932691863076545592614I3-01 
8.73840 112936336704707333372  190-0 1 
8.981 5773737  3 3467492 05569632 960-01 
9.231 471 8095 772990344825624219D-01 
9.396 793  271 130006 1978477539986D-0 1 
9.5 66 3 94300  7 5  429 5 6044 82 8 0986 13D-0 1 
9.7092781389941433 1778332724165D-01 
9.82460811028855679403453797810-01 
9.9 11 706007 7858802 75 2 073 9 7 L O  190-0 1 
9.9700698088 17646825341  74674342-01 
iv = 48 
X (  M )  
4.9277059499 1399739269654953150-04 
2.83 9 7 8 2 9  3 7392468 804722 8 5 044023-0 3 
7 .17475677025330320560320373433-03  
I .3+9 7 96 19 944 7 2  1 2 1 9 3 3 8 7 8 5 7 s 72 9n-0 L 
7 . 1 7 ~ ~ 5 4 7 O 2 1 7 1 5 7 4 ~ 8 8 4 4 9 0 9 7 0 5 0 3 3 - O 2  
3.2324010444 L O R  138256308 1355933-02 
4 . 4 1 5 3 5 2 5 7 8 5 8 4 4 8 9 R 4 0 4 3 1 1 9 2 3 6 0 5 7 - 0 2  
5.815367979O58235563 19358465670-02 
7.39Q575132003 71 70577553066420-02 
9.1 48 2 9 13 3 6 9 0 2 1 75 069 15 166 7 8 2 8 9 3 -,0 2 
1.105~h64314406989053510520465D-01 
1.3 1 '+ 9 2 664  5R 366 336 589 542 6 7 14139-01 
1.537R712Q65300027469425182510D-01 
1 . 7  753977454 33889503 1931 229454,) -0  1 
7 .3?554405  1821714549544?52Y1~4)-or 
2 . 7 8 9 1 9 2 2 1 8 0 2 9 0 6 3 9 5 5 9 0 9 3 0 8 4 6 6 3 1 ~ - 0 1  
7.5S1972975194673 10392662 100243-01 
2 .a4  5 7 7 02  1 2 i 6 70 2 1 9 39  74 2 4 2 6 03 5OD-0 L 
3.138425666486 191 2839521 3358480-0 1 
3.438743773365792 6766571 0942250-01 
3.745495656496952 56244337753 l4D-0 1 
4.0 57 42 9 24 2 8 2  120 6 42 3 193 5 5 7 45 14-1-0 1 
4.3 7 3 2  6448  22 39338 5 1496  15 C572 039-01 
'+.6 9 1  7086522  5696625 171446698523-01 
5.5 11 4 5672 6 8 3 8 9 17 0 13 1 1046 844 7 8D-0 1 
5.331 19773  02 32R14 4483 1885 345730-0 1 
5.6496204tO 10548463228189630123-0 1 
5.965 4 18340  12  10792 82 03804  82 982 D - 0 1  
5 . 2  77 2 95409959  733 1997851 4956530-0 1 
6.55397 140078 1803627735972 07343-01 
6.884 1870922534033851597609849n-01 
7.17670952 34710367622966 1368150-01 
7. C6033709443898b 77674986536343-01 
I .  733 90453 7 1  755330675346892937D-01 
7 . 9 0 6 2 8 7 7 3 6 0 3 3 4 6 8 3 4 8 1 2 9 6 4 6 2 7 5 V 5 - 0 1  
8.24640 A3 7 742 905 1993 203524275 10-0 1 
8.48373840986615465415038203673-01 
8 .7058042959328595682R57467253D-01  
2.4493 93601971865685  7236761 1000-02 
2.1491 78592306846189583576325  3D-02 
1.86 34 792 61263  7955099609623974D-02 
1- 59  55 58 856022 8 12 9 7 772 6 746 8 43 ED-0 2 
1 . 3 4 7 9 2 3 5 7 3 2 4 0 0 6 2 5 4 2 7 2 0 3 0 6 8 4 2 5 D - 0 2  
1.12 2 3496 6338  1 1 76935  7316322  278D-02 
9 ~ 1 9 9 2 0 5 7 1 3 0 6 2 0 5 2 4 3 2 8 4 5 o O 1 37390-03 
7.410736916099152961087616623OD-03 
5.8565600355189819910096155 1390-03 
4.52 98 75 91 7 198898099335 10 53 92 80-03  
3.4193 18490352012 9 6 4  764 77310450-03 
2- 5097 0984099 1754390839  771 7 5 8  10-03 
1.78 28 53 5 748257 3 7 164342 0 9 5 777  7D- 03 
1.21 83 502 9497140 74973249015 6 2  70-03 
T .  9441 923 76693592500378  4035 21 30-04 
4 - 8870943134996236877755536916D-04  
2. 	 ~ 9 0 0 4 2 5 5 9 1 9 7 1 6 2 8 5 ~ 4 5 4 6 0 1 6 0 4 5 D - 0 4  
1.4436 37633646956333800873061  80-04 
6 ~ 5 0 1 0 0 0 4 8 7 4 0 8 3 0 9 4 ~ 9 7 3 5 3 3 9 3 2 1 8 D - 0 5  
2 3 741 777442  0 1  762 93 4623 01  A082 RD-05 
6.06 6 6 2 4 9 9  766365 1843  8706900986D- 06 
7.1959 256733843981  4565954797220-07 
W ( H I  
1.03 360444715 78385859947260388D-02 
I .  95571906326880076  1240061074OO-02 
2.6228 32 1628951 30506 5068236277D-02 
3.12658012083979295729566854440-02 
3.50756516281 37972944077512 1070-02 
3.7993 09 106 392445 1805390704  17 10-02 
3.98 76 75E!I 7 4 0 9 5  7592 73 728002 3700-02 
4.11 451475622525929338420135843-02  
4.1793331 3 3 1 2 8 4 5 1 3 6 8 6 4 6 1 7 3 9 ! 3 6 2 D - 0 2  
4 .1901728142400573447074768627 l~ -02  
4.1540953221011812198094989342D-02 
4.07 7 4 6 5  3 696659  1249  1670766874OD-02 
3.9661 2 03 796331 3 5 6 4  8791 488 5 5960-02 
3.6254 723 703428961 79866240366 50-02 
3.6605682 17809640476573057777lD-02 
3.4761 237 115Z88603 15344250702 80-02 
3.2 7 6  5409 8155 75 6902697543 76 04 50-02 
3.0659 1548916008 1517238 10836220-02 
2.8480 36 722 89450 78 7 2312 9863 003D-02 
2.62 63 0544946391 3986620 15786490-02 
2.4041 2952274593 1397545 168073 70-02 
2.1841 196804749 15716712 3306 1 2  70-02 
1.96888635465 14495867081661 7030-02 
1.76 06 382 2 8240 8 1935 19295522 3530-02 
1.561 2 63  049899525237965620655 10-02 
1. 3 7 2 3 3 1 0 4 7 0 3 4 5 0 9 2 3 8 2 9 5 c l 4 7 3 3 0 4 D - 0 2  
1.195 10114059299810316441 345820-02 
1 . 0 3 0 5 3 0 0 5 2 9 8 7 9 1 9 6 5 4 4 9 4 5 5 9 6 4 2 4 D - 0 2  
8.7928430 7196 19 592 0559650474900-03 
7.41 75  5036 1  797833286  1130403 08 OD-03 
6.180754546260 12565694149  110400-03 
5.0814078776 1179029  1841943802 3D-03 
4 . 1 1 6 3 0 4 0 3 4 4 6 5 1 5 0 0 9 6 5 7 9 2 2 1 6 6 8 3 D - 0 3  
3.2803 185310916 15198321 68337970-03 
2.5666 6493 74652 68400625 57 17 2 0  6D-03 
1.9671 633689209701715339975814D-03  





3 9  8.913 19103R83091793357896862000-01 
4 0  9 .104 5 4 5  967 0 0 0 6 3  2 4 6 7 0  1 3 3  4 6 4 0 2  513-01 
4 1  9 . 2 7 9 0 8 2 2 6 1 5 7 3 6 8 9 4 0 9 4 2 7 1  1 7 1 8 4 8 0 - 0 1  
4 2  9-4 3 6 0 8 2 2 1  2 8 7 4 8  18 5 5 l ’ 0 6 8 4 5 2 4 1 3 2 3 - 0  1 
4 3  9 .57490019445360829567318894841~-01  
4 4  9.69C96534770302875789975377790-01 
4 5  9.795 7 8 3 9 8  3 1 2 6 9 2 8 5 4 0 7 7 8 5  704371! l -01  
46 9 . 8 7 6 9 4 1  7 5 5 8 0 3 5 4 1  8 0 2 9 9 4 8 5 7 6 2 9 3 9 - 0 1  
4 7  9 - 9 3 8 1  0 5 9 6 5 9 6 3 1 9 7  9 3 7 1  583 5?2761z1-01 
4 8  9 . 9 7 9 0 3  1 2 9 9 1 9 3 4 3 8  118555729368913-01 
N = 56 
M X ( Y )  
1 3.671 8 1 6 3 0 5 0 6 3 9 5 3  8 1 2 7 4 7 5 4 8 6 9 2  1 7 - 3 4  
2 2 . 1 0 8 9 7 4 7 R 3 4 1 0 5 0 1 2 6 2 1 2 5 2 4 2 ~ 5 9 9 3 - 0 3  
3 5.32 5 8 9 9 6  102 2029 5 112 5 3 2 2 4 2  1 5 3 6 0 - 6 3  
‘t 1 . 0 0 1 8 4 3 6 5 0 2 2 0 6 9 2 5 4 3 5 6 1 5 9 6 1 6 7 5 3 - 0 2  
5 1.61 7 7 7  r 10 16 1 7 4 5 3 3 4 4 3 4 5 0 2 5 0 5 7 2 ~ - 0 2  
0 2.3 79 98 963 09  9 51 86 3 5 5 8 7 9 8 0 ?6684D-0  2 
7 3.2 R 3 1 4 R 1 42 16 .? 7 45 7 72 5 2 A9 7 5 72 6 5 7-0 2 
8 4.32 9 C!.? 9 2 7 8  1a650 1 0 3 6 5 0 3 9 1  3 5 7999-02 
9 5.5 L 3 5 4 4 6 6 6 4 4 1 q 2 4 7 2 7 4 4 0 28 3 5 9 0 9 3 - 0 2  
10 6 . 8 7 7 ’ 6 0 5 1 5 9 3 9 3 3 3  7 3 8 0 8 ¶ 1 2 0 7 4 0 2 - l - 0 2  
1 1  8.2743 1 4 5 6 7 6 5 3 0 3 1  4 7 5 9 ~ 2 7 0 3 h 7 4 7 0 - 0 2  
1 2  9 . 8 4 7 4 3 ’ 2  7 8 1  8 3 9 8 2 4 5 3 4 9 1 9 3 7 2 0 5 7 7 - 0 2  
1 3  1 .154 1~4263604955~183931360081~-01 
1 4  1.33527947484885995330723e45267-0L 
1 5  1 . 5 2 7 4 5 7 4 7  1 4 0 4 3 8 3 2 3 6 131 3 0 8 5 9 4 3 3 - 0 1  
1 6  1.733 1 5 2 3 3  51 1 7 7 6 6 6 2  1 5 1 0 4 1  7 7 2 7 7 0 - 0 1  
1 7  1.942 7 5 5 4 6  7 6 8 6 0 6 3 0 0 2  7 5 8 6 6 0 3 8 0 0 ? - 0 1  
l e  2. I 6 4 6 2  751 85 768352 5 3 2 3  7 5 8 7 7 2  7553-01 
1q 2 - 3  9 5 I 0 33 2P ‘+ 14 3 5 35 3 2 6 3 4 9  9 6 44 5 3 -0 1 
20 2.63347?3>06756353346040571595I3-01 

2 1  2 . 8 7 9 0 4 5 0 7  1 7 8 5 1 4 1  7 2 2 8 7 6 9 7 6 2 3 6 7 3 - 0 1  
7 2  3 .  I31~5hO71P~23Y67845218085127l)-01 
2 3  3 . 7 8 A 7 5 0 7 9 3 9 4 5 3 3 9 5 9 ~ 5 1 2 ~ 0 7 6 2 3 6 0 - 0 1  
7 4  3 - 6 5 1  3 5 0 0 5  1 5  3 7 7 7 7 6 3 0 6 9 6 7 7 2 1 4 9 7 7 - 0  1 
2 5  3.9 19 3 5 q 4 0  3 4 2 2 4 7  1 4 8 9 2  Ot32 6 7 2  91 O D - 0 1  
2 6  4 .  1 8 3  0 7  1 5 9  2 1 13242 6CO5699 7 8 6 5 0 9 7 - 0  1 
2 7  4 . 6 b 0 5 6 3 0 1 9 7 3 2 5 9 0  R63 7 5 4 0 Q 4 6 ¶ 3 7 D - 0 1  
2R 4. 73 4 72 67 5 0 7 092 5 h 9 05 9 2 9 4  5 8 5 9 9  10-0 1 
2 9  5 . 3 0 9 7  1 7 5 4 4 3  7 1 3 8 6 4 9 0 1 2 6 2  1 9 3 0 4 4 ’ l - O l  
30  5.7 966 943C7 5 145 02 4 4  I 9 2  5 4 4  3 4 1077-0  1 
31 5 . 5 5 q 9 3 8 0 7  1 8 8 6 2 0 3  5 6 1 4 9 6 9 3 5 5 1 8 5 > - 0 1  
32 5 .  R713 1 2  1 9 3 4 7 1 3 5 8 6 5 6 8 2  1 9 6 1 9 4 9 1 0 - 0 1  
33 5 .  IO 1 2 9 0  2 4  443 7 4 6  3 8 7 5 6  2 17.2 3 2 8  1 89-01 
3 4  6 . 3 6 7 9 5 3  1 1 4 5 9 2 2 3 7 6 8 2  6 5  1 1 6  2 6 2 7 3 ~ 0 1  
3 5  5.63349159973R96901392280429363-01 
3 6  5 .  RBBI o 8 8 7 4 3 6 6 5 6 6  1 4 8 4 6 1 4 2  9 7 7 7 4 n - 0 1  
37 7 .1400 7 2  92 6 19 3 1 1 4  22 5 1 2 8 5 3 5 85 1 6  3-0 1 
38 7 . 3 8 5 4 6 8 9 4 5  187q2645 8 0 9 5 3  3 2 4 2 5 5 3 - 0 1  
3 9  7. 6 2 3 7 0 1 6 5 9 R 2 3 2 1 S 8 5 8 5 3 4 ~ 0 5 0 ? 9 7 ~ - 0 1  
7 . 5 6 7 1 6 2 9 5 1 3 3 7 1 8 8 9 4 6 4 4 0 4 5 9 0 9 2 l D - 0 4  
5.1f9209626910101571~733442111D-04 
3.332526 1 6 2 0 1 9 4 9 3 6 8 3 5 8 6 6 9 2 9 5 7 4 D - 0 4  
2.040136248961376053347224566lD-04 
1.1601 299584916099535O365916150-04 
5 . 9 7 9 4 9 9 7 2 0 9 1 7 6 4 3 1  1 7 1 4 9 3 2 2 6 9 8 3 0 - 0 5  
2 . 6 8 4 6 6 4 0 3  522 7 6  35 8 2  1 8 0 6  6 2  22 07911-05 
9.7 8 I 15 0 4 7 1 7 4 73 0 1 67 637 10 4  38 9 5  29- 0 6  
2.4948 9145620253264051501993OlD-06 
2.9558 1 6 6  1 6 6 9 5 3 2 6 7 7 5 3 2 5 3 8 9 7 0 01D-07 
W I H )  
7.98  1 8 6 L 4 9 3 0 0 8 1 9 7 4 7 9 7  1 8 0 9 9 4 1 4 2 D - 0 3  
1.52 5 3 0 2 4 6 0 4 0 9 3 8  7 1 3 0 2 9 7 4 9 3 23 9 3 0 - 0 2  
2.0653065746915682788~02194993D-02 

2.4861221 7 6 0 2 6 6 9 5 9 8 6  0 8 9 1 0 5 5 3 9 3 0 - 0 2  
7.81 7 6 9 8 9 0 9 4 1 2 3 8  1 2 7 6 9 4 4 9 7 7 9 3 5 9 0 - 0 2  
3.0771 8 0 5 7 8 6 0 4 2 6 0 7 2 3 8 8 7 8 0 7 8 2 6 4 D - 0 2  
3 . 2 7 5 9 2 2 0 8 0 2 2 3 8 0 0 5 4 8 6 7 2 2 2  8 5 4 5 0 0 - 0 2  
3.4222 082 4 4 1 6 6 6 5 2 8 4 0 1 0 8 0 6 4 6 2 9 8 0 - 0 2  
3.522523285684835928344806933OD-02 

3.58221 7 6 1 4 6 8 3 9 8 3 2 6 4 7 5 1 5 3 1 5 1 6 2 0 - 0 2  
3 . 6 0 5 8 8 7 0 4 6 5 6  71 2 2 3 2 2 9 5 0 9 8 6 4 2 9 1 D - 0 2  
3.5976 0 0 6 2 8 5 1 3 4 6 3 4 0 9 7 8 5 6 7 5 4 5 5OD-02 
3.56 10427 32 4 5 6 1  9 1 6  8 9 5 8 0 9 9  26 146D-02 
3.4996 3 3 7 9 2 2 1 0 0 6 0 1 5 2 8 3 2 3 1 2 6 9 4 3 0 - 0 2  
3 . 4 1 6 4 3 8 9 1 1 9 3 1 7 5 3 5 0 2 7 2 7 7 4 4 6 8 4 4 D - 0 2  
3.3 14 5 0  5 6  9 6 4 3 6  8 9 0  1 9 4540 45 65 1 5  9D- 02 
3 . 1 9 6 5 9 8 3 1 5 3 2 9 2 7 5 4 0 8 6 6 5 6 9 0 4 1 8 2 D - 0 2  
3 . 0 6 5 3 1 2 3 0 4 6 8 6 5 8 7 1 9 4 8 4 1 2 4 9 1 2 9 4 9 - 0 2  
2 . 9 2 3 1 5 3 0 9 8 6 2 4 4 9 5 4 7 4 4 2 1  0 8 8 8 2 4 8 9 - 0 2  
2.77 2 4  403 386 1 4 0 3  3 2 5 7 520 35 52 673D- 02 
2.61 5 3 5 9 j 9 8 7 4 8 2 2 9 0 3 1 6 9 0 8 0 8 5 5 7 8 D - 0 2  
2 . 4 5 3 9 5 1  1 5 9 6 5 5 3 23 8 2 5 5 3 5 9 4 3 6 8 4 2 D - 0 2  
2.2901 1 0  7 8 6 3 8 9 1  6 1 5 8 3 8 7 5  1 5 6 2 2 3 2 0 - 0 2  
2.12 55 9 6 0 7 0 7 3 1 9 0 8 9 5 2  1 3 6 0 5  8 8 2 2 9 0 - 0 2  
1.96 1 9  7 5  75  7 7 5  7 8 2  4 0 9  1 4 4 3  7 6 4 0 3  000-02 
1. 800  7 2 8 1 7 2 4 4  30 110 2 60  85 6 1 4 3  9 6  70- 0 2  
1 . 6 4 3 1  403 8 3 0 9 4 6 7 3 6 4 6 5 3 12597119D-02 
1.4903 5 8 0  7 6 8 8 0 3 8  1 6 9  1 4 7 9 9 2  1 4  7 9  8D-02 
1.3433 7 6 2 7 3 7 3 5 2 3 6 5 9 8 2 0 2  1 1  1 3 2 6  1 0 - 0 2  
1 . 2 0 3 0 4 0 9 6 5 0 1 0 6 3 6 4 9 4 8 7 3 4 3 7 0 0 1 9 D - 0 2  
1.07005173OO741583647395629020D-02 
9 . 4 4 9 6 5 3 5 6 0 6 7  1 8 2 8 9  1 4 1 0 2 2 7 5 4 8 2 0 0 - 0 3  
8 . 2 8 2 0 0 4 6 2 0 5 5 5 8 7 4 7 8 8 9 6 0 6 8 2 5 8 9 6 0 - 0 3  
7.20 04  3 1 08 08 5 6  7 6  3 9 8 1 6 3 3  56 08 9 7 2 0- 0 3  
6 .2065 335 163232 3 6 8  1 0 4  I 1  4 7 9 4 0 5  30-03 
5.30 0 7 2  6 9  82 1197 6 1 7 6  9986 6 9 3 1 6 6  60-0 3 
4 . m  2 3 2 3 7 9 2  5698 88135861 3 9  1o 5 I 9n- 03 
3 . 7 4 9 6 2 3 7 8 5 1 7 3 2 4 0 9 8 3 0 1 2 5 2 2 3 4 3 3 D - 0 3  
3.1000 1118 1 3 4 6 0 6 1 7 4 4 3 8 5 8 2 4 7 7 13 0 - 0 3  
4 0  7~853~~76134707352790145067030~-012. 5 3 0 0 5 7 0 7 0 2 4 2 5 2 9 181 9 7 5 5 0 8 6 7 O l D - 0 3  
4 1  8.07565737402259053’+1721196987~-01 
42 9 .298 ’ l 0767002649574381437300490-01  
4 3  8.49040344684233215797866Gb19ZD-01 
4 4  8 . 6 8 2 2 2 9  8365 7 3 0 2 0 7  130017 3 5  129613-01 
4 5  8 - 8 6 2  9 0 4 0 3  57R9965 1 4 9 2  51  4 3  8 3 7 ~ 3 3 3 - 01 
4 6  9.031 8 7 7 0 9 5 3 6 6 138  7 1 9 8 2 2 8 9 2 6 8 3 2 D - 0 1  
4 7  9 l R 8 6 3 5 5 4 7 0 5 4 9 4 3 7 8 6 4 2 6 9 2 9 7 5 0 2 3 - 0 1  
4 8  9 . 3 3 2 7 0 3 0 7  1 8 2 3 4 7 4 2 3 17 1 6 3 0 5 7 6 6 6 D - 0 1  
4 9  9 . 4 6 3 6 4 1 8 5 5 4 1 2 9 7 1 6 6 2 6 2 8 6 3 4 3 0 0 3 D - 0 1  
5 0  9.53lO539772570538065908163726D-01 
5 1  9 . 5 8 + 5 8 2 6 2 0 0 9 2 7 4 2 6 3 5 4 4 1 5 3 1 3 8 6 2 D - 0 1  
2 . 0 3 5 6 2 6 4 7 2 3 2 4 2 4 7 7 6 0 4 9 2  1 8 6 6 3 1 6 D - 0 3  
1.61 1 9  8 8 3 8 4 5  12  7 1  0 0 7 9 0 0 5  9 0 9 1  9 0 9 0 - 0 3  
1.25 3 9 3 116 83 4 0 4  5 3 0 7 5890 50 31 5 5  8 D - 0 3  
9.5587 1 6 1 6 1  1 9 1 3 6 6 3 4 4 0 9 4 1 4 3 2 1 4 2 0 - 0 4  
7.11 9 7 4 0 1  7 3 8 9 9 9 8 9 1 3 6 7 9 9 9 17 0 1 9 9 0 - 0 4  
5 . 1 6 2 6 0 5 4 8 4 2 5  117 7 4 9 3 5 9 0 0 3 5 8 6 4  1 0 - 0 4  
3 . 6 2 7 2 2 3 2 0 8 8 5 8 6 5 6 3 6 9 1 7 1  12  7 7 2 0 6 ~ - 0 4  
2.4542 6 4 5  1 4 5 13 0 7 0 8 7 0 8 4 0 9 8 5 9 5 2  30-04 
1 .5861 8 5 5  1 7 8 2 0 9 5 4 18 1 2 0 5  8 5 5 7 9 2 5 0 - 0 4  
9.’6819587001324999757919546827D-05 
5.49 1 6  1 103 0 4 8  7 0  9 0 0  1 96 0 3  1 5 47 1 8  OD-05 
43 
TABLE III.- Continued 
57 3 -773913170480593454502923078 lD-01  
53 9-848774209538695 01744323069730-01 
54 9 90893 84407022076 52 32994487803-01 
55 9.95422 3817603139 700002084806813-01 
56 9,986497325202531 8779540987387D-01 

2 . 8 2 4 2 9 5 0 6 4 6 7 9 2 5 5 8 3 8 0 3 1 6 1 0 6 3 6 7 D - 0 5  
1- 26575089035486858 1092691 3705D-05 
4.6049046696826821 57592 52 906680-06 
1.17 33 100 15625722 184585422421 O b 0 6  
1.38907604030270876502485429920-07 
H ( N )  
6.368026980122339277523403802 1D-05 
1.2264 50 197233 1148902638341 5 180-02 
1.6729 351 808704335 590544572586D-02 
2.0286392 76613327129432 105652 39-02 
2 . 3 1 6 6 1 1 3 7 5 9 5 6 9 4 2 3 4 4 4 3 7 3 7 1 4 3 9 2 D - 0 2  




2 . 8 8 4 7 0 9 G 9 0 7 b 3 5 3 4 2 0 3 2 2 5 7 1 5 1 8 0 6 D - 0 2  
2.9970 319549 788975282471 76834513-02 

3.0780 767739873163 796426983803D-02 

3.13 10 834994632 12721 72266 75623D-02 

3. I5 88 7108773028408687564564480-02 
3.16 39 5449499 33624 80702998903913- 32 
3 . 1 4 8 6 2 1 O 7 1 8 5 8 7 6 6 7 7 4 0 6 8 9 5 6 0 0 9 9 0 - 0 2  
3.11 49 81 78928057178 16529100019i7-02 





2.  92 33 49 802069475496 78059936960-02 
2.83 507842158630483 780882 8943 9D-02 
2.73 7306777542007201 59246552879-02 
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5 5  

\1 = 64 




+. 110233 3542474003 7704506 689 199-0 3 
7.7332 74927870981 79559032465719-03 
1.?48425h4284~412375508150~879~-0? 
1.8353674565 750194842 733499242D-02 
Z .5756744046 15973 47375406007483-02 
3.344 868239583 61089%2418000454O-02 
+ . 2 6 2 1 8 7 6 5 5 7 2 f l 5 4 1 2 2 5 1 2 5 3 5 3 2 4 9 8 3 - 0 2  
5.2 85 599 3 839 18763 5 15743 3 4497243-02 
5.412 80812 37164263 739971 1736240-02 
7.641 Z h4 765 R 73724949 1 15 3 50 74033-02 
f ? . 9 6 8 1 7 4 5 5 0 5 5 5 7 7 3 5 8 2 9 9 5 1 4 E 6 2 0 7 ~ - 0 2  
1 . C 3 9 ~ 5 0 5 7 O 6 6 l ~ R 2 5 0 2 3 0 5 5 9 1 3 7 6 3 ~ - ~ 1  
1 .130499509631Q30382803753796411-01 
1.3533 lhl820567449807761368~37~-01 
1 .5 1 963 1 0996 18593 4056436 9194129- 01 
1.6965545446091 945595873 1 OO9013-01 
1.88117 7475089592h410R88199041)-01 
2.073 0725 17232682 645781102956OO-01 
2.2 71794994369356 18 16 R83 72O090D-0 1 
Z .4 7688399 22475540830 332 01 84489-01 
2.687A634~79813!367034b311510099-01 




3.8 1 3  541 3.2 77755 3 10353 9905650080-0 1 
4.04916496738436533392254896905-01 
4.Z8702 142 50 19048636888O862 969D-0 1 
4 . 5 2 5 5 5 6 5 3 2 3 7 4 1 2 7 9 1 7 6 2 1 7 0 3 5 5 4 9 D - 0 1  
4.7h72120550883493806750091301')-01 

5.00842 7005824422R85860442 7566D-01 
5.249 63896 3 3  3 59 19 812438484945613-01 
5.49028539449689722400694128670-01 
5 7298049 7h2 51491 497 1851 7795073-0 1 
5.9 h7 6389144115 76 8295 5 13 7082023-0 1 
6.20323225639024131 11036021~llD-01 
5.435O35194406972648 11452018lOD-01 
6 -665504356836796 0428915382742D-01 
6.891 1040839999326002254000477D-01 
7.112 397605840635 2422 119 1473323-01 
7.32 A 5 9867842 3 524263 6085 76535 83-0 1 




3.1347312141 79278118909073 16335-01 
8.3 19 1524049 70013 3300295 44 01050-3 1 
8.49584227403 2457375 1943 1678149-01 




9 .1173233?95539169267631846411D-01  
9.2 49 5 5 842 1866868 L 6770258631540-0 1 
9.371~88285860128682655859064i3-01 
2.51 91 71387315945268 18552559220-02 

2.40 1 5  7166347653 13679142065816D-02 





2 . 0 2 9 6 4 8 8 0 8 1 7 6 1 2 9 4 3 3 6 8 4 6 8 5 6 2 6 2 D - 0 2  
1.9030263 122221995609897078069D-02 




1.4084 76976778264090309763971 50-02 

1.2 9166649602832 5072044099162bD-02 





9 . 6 7 0 9 6 8 9 4 3 1 9 2 6 8 7 6 0 0 8 9 3 0 9 6 1 9 8 7 D - 0 3  
8.689262949 158347 LO9 733864645 OD- 03 

7. 762798743638852516711 1512677D-03 
6.89360023365815431786362022780-03 
6.0 830 199 1 3 17 956 920806 839849400-03 
5.33 177060602~52863204134786960-03 
4.63996067589223966 819026 182190-03 
4.00713.?45538966920352762 728750-03 
3.43230361098042949054831 182030-03 
2.9 140 1 1 1  30555701291072924551 90-03 
2.4503 57594195341249246 83248740-03 
2.0390 593 668742 17 58 243426 689420- 03 
1.6 774963340048 48348205663896 63-0 3 
1.36276278677298663542597866440-03 

1. 0917190 541017830 8582268597980-03 
8.6 104347 1684468 173 1204260926 113-04 
6.67 2842 7576538599 15 23889695520-04 
5.0691 10 LO 1309374222 827 72 75815D-04 
3 . 7 6 3 6 5 0 3 8 9 9 4 5 6 0 5 7 3 3 3 8 5 0 5 2 1 1 0 3 D - 0 4  






5 7  9.58 5 7 12 65 66 8 05248963 1096 14192D-0 1 
5 8  9.67b7074655911223014751790065D-01 
5 9  9.7567988281291 3767643892966720-01 
6 0  9.82579958827D55241937253557810-01 
6 1  9.8835485462 183122062 7568329060-01 
62 9.92991091279751232305627621980-01 
6 3  9.964778959333901 5528639 72  07663-01 
6 4  9.988 0 7475 0702405 95 140 865 7481  80-0 1 
N = 72 
M X ( Y )  
1 2 -2655  8501 7 188438 1496123660218O-04 
2 1.2 95945 836422682 1806065 7798560-03 
3 3 ~ 2 6 ! 3 3 2 1 8 4 5 0 8 1 8 6 7 9 0 9 2 1 5 6 7 8 0 3 3 7 0 - 0 3  
4 6.145 6 21802 7 4  173 115444  75 2 4 58430- 03 
5 9 . 9 2 5 3 5 9 4 0 4 2 2 9 6 2 5 1 4 3 3 6 8 8 5 0 8 1 0 7 0 - 0 3  
6 1.46024~5~09026586243928955047~-02 
7 2.01696095223247435389461686630-02 
8 2~661773186Q29R206209211967250D-02  
Q 3.3935703931 305475077599715915D-02 
LO & - 2 11 085675U896782928 3160473763-02 
1 1  5 112 8709056 36543 2681 8654  065583-02 
12  6.0973 1 6 7 1 7 8 7 2 Q 2 4 0 5 8 b 3 6 1 4 Q 1 5 1 8 D - 0 2  
1 3  7.  I 6  2 6 5 4 0  940 O R  3 09 32 2 4454 8 1 187 83  -0 2 
1 4  8.306958800375628373933922 893713-02 
1 5  9.528 1 5  58 1 1527223 353840842 88783-02 
16 1.082402 380842695 0259009935053D-01 
17 1 ~ 2 1 9 2 1 9 9 R 0 2 3 1 l 6 01 ~ 1 4 8 9 2 5 0 7 4 5 7 ~ - 0 1  
1 8  1 -363 0 18391 550507 13522945793663-01 
1 9  1 * 51  3 534433 762332 12320981498690-01  
20 1,6704927467 16082 53599 850435573-01 
21 1.833603 824269840 72873645436320-01 
22 2.002 56956639  309345276445971  110-01 
2 3  2 . 1 7 7 0 7 8 8 4 9 9 7 7 A 7 9 ~ 1 4 4 9 1 4 8 2 4 3 0 1 D - 0 1  
7 4  2 -3568  15617869252 1 1 9  13275590240-01 
25 2.541433985454512 73846076 866010-01 
26 2.7306088640264574b1 b4015 73693n-01 
27 2.92.39866O0027383 53421 599786 002-01 
28 3.121 2 10629197832~268979959L45D-01 
29 3.32191714458403725621333945233-01 
30 3.525?357772995031402261972522D-01 
3 1  3.732290288887O23 9509923 1238740-01 
32 3.941 19927 408 5799 80784 772 198 120 -01 
33 4.1570 7687277296893731 787931620-01 
7 4  4.3645314898 190029252 5269934543-01 
35 4.57817652 15713396?315438564153-O1 
36  4.79261100765987707166130085383-01 
37 5.0074407668 0 1152 79575701 36891 0-01 
38 5 ~ 2 2 2 2 6 8 3 3 5 2 6 4 9 1 2 2 3 3 9 0 7 6 8 6 9 1 1 7 i 3 ~ 0 1  
39 5.436696506657102 41 53079 1 5  95070-01 
40 5.650 3 2 86 7 16 6695 1 6676 985 2 086 92 0-0 1 
41 5.862 76963642257477234596  897370-01 
42 5.0736263580993579091 862 7883730-0 1 
43  6.2 82 50 86 76  4 28  149 41 3 5 566 08083 OD -0 1 
44  5 .4  890300’3 97559 19 192 4 145 0242620-01 
4 5  6 6928082243  1998853479379086203-01  
46 6 893466045408135 39702 18 1741210-01 
1 ~ 2 8 7 0 3 2 8 5 1 8 1 6 5 4 3 2 2 7 5 2 9 9 2 0 5 1 8 2 D - 0 4  
8.3001258560903909691317682604D-05 
5.05 66 66 0 543 2 12 1617 4 3 2 35 7 6 415 0 0-05 
2.86337170277638388481023376270-05 
1.4705 17973036067797651 8554062D-05 
6.58 25662042 19415894657 2826153D-06 
2.39 2 5 331716 9  766 55 9 59  23 08 42 8 9  1D- 0 6  
6.0917685225068 1i 4 4 0 0 9 8  808661 4 ~ - 0 7  
7.2086241 1021308577614486841420-08  
5.2102 522 11918355775351 8556876D-03 
1.0098 887 2373 72 0195 63  50 71 39 93 E D - 0 2  
1.38 5670336251 2563938 74 1001 33OD-02 
1.6900 032 9 1635 33 3 0 13  855 545 135  2D-02 
1 . 9 4 1 1 9 3 4 6 5 2 2 6 4 0 0 1 9 2 9 3 6 1 4 0 7 3 2 9 D - 0 2  
2.1496 12051935727642100~026105D-02 
2 . 3 . 2 2 0 0 7 3 6 3 6 9 7 8 3 3 6 5 3 2 4 7 9 4 4 6 4 8 5 D - 0 2  
2.46 3 1 8  35 2 109  771 2 7 4 5 1405967 27 90-02 
2.57678986707064465400703080840-02 
2 .6657400851632269068008606843D-02 
2 . 7 3 2 4 5 4 2 9 5 5 1 7 5 7 7 3 1 6 9 2 5 6 4 7 7 2 2 6 D - 0 2  
2 . 7 7 9 3 0 7 ? 5 5 9 9 6 8 0 0 8 8 8 9 3 5 0 4 5 2 6 3  80-02 
2.80 72 2b4 93370770 321 3 33 82 95 5 1 70-02 
2.81 87 509 794662545629724497887D-02 
2 . 8 1 5 0 7 9 6 5 2 ~ 4 0 6 9 1 7 9 7 6 2 2 4 4 0 ~ 1 0 1 D - 0 2  
2.7975 992 347217883 18773 3833 1120-02 
2.76 76061 3 3 3 4 5 7 3 3 8 9 6 7 6 6 9 2 5 9 9 1 b O - 0 2  
2.726321652712?410665250?51507D-02 
2.67693283383 3766515 785745643 10-02 
2 . 6 1 4 4 5 0 1 4 3 1 4 a 7 2 6 9 3 1 9 0 1 8 2 3 3  7361)-02 
2.5460 128669461290035433503387D-02 
2.4705 928 197778 115 9 0 8 5 4 9 i 8  L 7730-02 
2.38914bd0907009480517975854420-02 
2.30 2 5 88 1 83 1260 06 3847 33 12496  78D- 02 
2.2 11 7 8770861 8658532372 23547390-02 
2.117573965419968202762904191 7n-02 
2.0207 3340401 8322891  3 5666 76 53 1n-02 
1.922010 1791 13313886482562166  LD-02 
1. 82210584904624027452744146719-02 
I. 72  16 790 12 35 1002 52 3800 067804 1D-02 
1.62 13449  383 778 135  78 5 88 120422 8D-02 
1.52 16 752 3 75 87 3 14322  0008 75738 7D-02 
I .  42 31 9 760  797 7 2 1 8  3 2 3 5 16 3 2 03 93 OD- 02 
I .  3 2 6 3 9 5 6 8 6 6 4 1 8 6 4 8 7 9 5 2 3 2 2 3 2 6 4 3 D - 0 2  
1.23L709029280295!i50665510963 1D-02 
1.139533235263672559530245613 in -02  
1.0502 202 3 1492885 1 4 3  050 75369990-02 
9.64 57 9 72 429 190477  1 7995 79 70 778D-03 
8.8137482559196Ll064182617844QD-03 
8.02 33 2856 3 15 72 2 51 16998  1696 39313-03 
7.27 1363276  1325855 1842  12767 1160-03 
6.55 92 9 09  8 12 103699 14295 36 82 2420- 03 
5.88 816703392393 2662762 82 9535 OD-03 
5.2586 785 1783030067434386~3605o-O3 
4.67116079405499692844626708360-03 
4.12 56 155526904326648762809013D-03 
47 7 ~ 0 9 ~ 6 3 2 0 5 9 0 9 0 4 ~ 8 9 1 2 6 9 6 6 3 5 5 3 3 9 ~ - 0 13.62 1730263824567109556490003 LD-03 
4 8  7 . 2 8 3 9 4 1 2 5 3 2 2 6 4 8 8 6 3 5 1 3 4 0 0 9 4 5 3 7 D - 0 1  3.15 88989 140777765  19 860 72 739290-03 
49  7.4730357264673131114046706439D-01 2.736243904038260585291 77481990-03 
5 0  7.6575653539983137582689267604D-01 2.352638972850071 3770793590706D-03 
51  7.8371 8843 878765 101 33273 74661 O D - 0 1  2 .0067330083759130603145313 187D-03 
52 9 - 3  11 5773471  35176 34029745524363-01 1 . 6 9 6 9 7 4 5 9 4 7 9 1 2 2 4 9 2 0 3 0 3 3 1 8 6 2 5 2 D - 0 3  
4 5  
TABLE III.- Continued 
53 8 . 1 8 3 3 9 6 1 2 7 3 4 3 5 5 3 3 8 7 2  5 4 + 6  7 7 9 1 5 0 - 0 1  
5 4  8.3 43 3 4  11 10 3 6  5 320 5 33 0 5 18 5 1 4 0 5 4 3 - 0  1 
5 5  8 .5901 1 1 4 9 1 3 1 2 1 8 3 8 5 3 2 3 1 3 4 6 185013-01 
5 6  8.65041489074891711274692528llD-01 
5 7  8.793 9 7 2 8 9 4 7 3  1 7 2 6 6 1 %3 6 2 6 4 8  4 4 8 6 0 - 0 1  
5 8  8.7335L9572591074719792585354lD-01 
5 9  9 . 0 5 9 8 0 1 9 7 1 5 0 1 4 6 9 3 0 4 0 3 5 7 9 9 5 5 6 3 0 - 0 1  
6 0  9.181 580586926119891339132929OD-01 
6 1  9 2 3 5 6  2 9 8 0 8 0 7 3 5 3 4 8 7 2  5 9 6 4 2 9 8 8 5 2 3 - 0 1  
6 2  9.401 7 3 8 3 3  7 5 5 7 7 1 4 2 4 9 9 2 6 9 5 5 5 0 0 6 0 - 0 1  
6 3 9 .499 7 0 9 5 9 4 5  1 9 2 5 9  33 8 0 0 6 6 6 4 5 4 9 7 3  -0  1 
6 4  9.5R936 2 0 3 0 5 4 8 0 5 8  0061 9 4 3  7 7 8 9 0 7 0 - 0 1  
6 5  9 - 6 7 3 5 2  95t.  7R 9 1 0 9 4  71 9 2 0 4 2 9 8 3 5 3 6 3 - 0  1 
6 6  9 .74  3 ? 6  1RC)95 9 2 A9 5 703 5 143 5 9 5  7 5 2  3 -0 1 
6 7  3.805 d 2 4 3 7 2 0  6 4 3  17 183 1 5 0 5  2.9793 53-0  1 
6 8  9 .A6169917 1 6 0  1 5 0 9 9 1 3 5 1 3 5 8 2 1 4 1 7 ~ - 0 1 .  
6 9  9 . 9 i l 7 5 A 4 4 6 2 4 + 1 7 3 9 2 6 8 9 3 2 5  8 0  18800-0 1 
7 3  9 .9443Q54?607452474O79658047~34?-01 
7 1  9 . 3 7 2 3 6 4 4 9 3 5 2 7 0 3 8 4 0 3  7 9 7 5 8 9 1  7070-0  1 
7 2  9 . 9 q 0 5 4 3 0 3 7 7 4 9 0 9 9 4 2 7 2 9 6 5  7 0 1  37 12-01 
1.42 16 37 1 4 4 1 3 4 9  1 1 9 5 6 7 6 0 2 2  80 5 1  60- 0 3  
1-178 8 4 4 4  5 4 2  1 7 5 3 9 2  8 7 2  89  7 8 3 1  175D-03 
9 . 6 6 5 9 6 5 3 2 3 4 4 1 1 0 8 2 7 0 6 4 6 2 0 2 7 4 9 6 0 - 0 4  
7.82 7 9  5 5 2 2 5 2 0 6 8 9  0 5 7 5 7 7 6  13 6 7 7 7 90- 0 4  
6.252715731566787232772083757OD-04 
4.91 80 A 4 8 2 7 2 0 9 4 0  3 4 1  2 3 7 6 9 7 6 6  894D-04 
3 . 8 0 1 6 8 9 6 2 3 3 1 4 4 5 7 1  1 7 7 7 0 3 6 8 1 4 0 3 D - 0 4  
2.881L9356823933039044610433420-04 

2.13 45 3 6 6 9 4 2 1  1 5 3 8 2 8 4 3  814 4 5 9 3  9 1  13-04 
1 .5401 6 7 3 9 6 7 3 9 4 7 9 1  1 4 9 0 2 7 3 @ 0 6 7 5 D - 0 4  
1 . 0 7 7 2 6 4 2 9 8 2 8 4 1 8 2 7 2 2 2 1 8 3 0 4 8 0 2  11-1-04 
7 . 2 5 9 4 6 8 1  1 4 6 4 5 7 1  1 0 7 4 0 8 4 3 0 5 8 7 1  20-05 
4.6747 308 9 2  3003 7 4 26 9 3 3  6 0 9 9 2  68 49-0 5 
2.8442 4 1 2 9 5 2 5 9 1  1 1 9 4 0 3 8 14O740090-05 
1 ~ 6 0 8 7 2 8 8 9 4 6 6 5 0 9 3 0 7 2 3 4 9 9 3 1 8 3 1 S ~ ~ 0 5  
8 - 2 5 3 7 3 . 5 8 3 5 3 5 4 2 2 3 11 5 4 7 2 1  l 6 4 3 6 8 D - O h  
3.69 1 6 6 3 9 4 4 4 4 4 1 9 9 2 7 2 4 0 5 6 4 3 5 6 1  8D-06 
~ . 3 4 0 9 1 9 6 5 8 0 a 7 7 7 2 8 4 2 9 9 ~ 5 4 2 ~ 7 7 9 ~ - 0 6  
3.41L5~3091697704126414265068lI-I-07 

4 - 0 3 6 8 7 3 0 8 2 0 0 6 8 7 5 9 3 2 4 3 9  76 5 2 4 8 5 0 - 0 8  
N = 8 3  
M X ( U )  W [ M I  
~ . a 4 9 ~ a o 9 ~ 9 4 i 9 7 7 7 3 6 6 6 7 7 2 4 2 7 5 3 7 n - 0 6  4.3495 652 0 6 0 8 9 2  3 4 3 0  1 4 4 7 5 0 9 6  78211-03 
2 1 . 0 5 5 7 9 6 2 1 7 7 2 9 0 7 9  3 1 2 4 7 6 7 9 3 6 4 2 8 0 - 0 3  
3 2.561 1 9 3 R 1 0 8 1  0 9 0 9  7 8 1 3 8 1  h 3 7 C 9 7 6 8 - 0  3 
4 5 . 0 0 7 9 9 9 1 5 4 9 6 9 8 7 0 h 3 5 6 4 5 5 7 6 7 h b O 3 - 0 3  
5 A .  0 7 9 8 5 6 3 4 4 0 5 4 L 8 4  0 3 2 3 4 9 8 3  81246n-03 
6 L.lR3859L3996293849136984906543-02 
7 1 . 6 4 2 4 5 1 9 2 2 a 0 3 6 5 5 7 0 0 1 3  I I 6 1  ~ 4 8 9 0 - 0 2  
9 7 .  16016’97383040757514272606157~-0L 
0 7 . 7 6 5 2 9 0  9 7  3 9 19R98 7 0  16 3 1 3 9 3 2 4 5 7 7 - 0 2  
10 3.437 9761SBOI 1 0 3 9 3 0 7 5 4 E ! 2 5 0 5 5 4 8 9 3 - 0 2  
1 1  4 .173 1 7 4 2  1 6  1 5841 9 6 8 6 4 6 6 8  7 0  8 2 9  17-02 
1 2  4.9 75 12 0 1109 0 4 17 5 4402 4 2  0 6 4 3 4 06 3-0 2 
8 . 4 7 5 7 8 1 Y 5 2 4 1 4 8 5 9 4 5 3 3 8 1 9 4 6 4 4 7 5 0 - 0 3  
1.16 86 10 7 7 5 6 6 4 6 4 2 7 4 4 8 7 35 6 5 3 6  7 0 0 - 0 2  
1 . 4 3 1 9 4 1 5 8 1 0 9 8 4 3 2 3 1 5 5 5 5 9 5 5 5 4 6 6 D - G 2  
1 . 6 5 2 4 6 9 5  l b 3 4 5 2  3 8 6 1 9 5 8 9 0 4 7 9 9 4  10-02 
1 . 8 3 8 6  1 7 4 9 3 3 2 2 2  4 7 5 5  8 1 6 7 5 2 4 0 0 3  80-02 
1.99 5 8 4 2 3 9 2 0 0 3 2  7 9 0 3 9 7 3 0 4 9  94  21  0 0 - 0 2  
2.12 80 9 5 9 4 0 9 0 9 1 6 4 3  7 5 9 5 8 1  3001391)-02 
2. Z 3 8 0 1 4 1  8 4 5 0 6 2 9 0 3 4 9 9 A 5 9 6 5 7 7 5 4 D - 0 2  
2 - 32 8 166 0 1 9 2  677 8 1 6 0 7 9 0 6 4 0 4 4  73 1 0 - 0 2  
2 .4003485 1 0 2 9 S 4 7 2 2 8 7 1 O 8 9 7 5 7  82 50-02 
2.456 1 6  1 0 7 6 6 3 7 4 1 6 7 3 4 3 0 0 9 4 7 2  707D-02 
13  5.~4~3426i74637774~37i7~07~754n-02 2.4969343 8 6 6 6 4 8 3 4 0 5 8 8 2 4 8 1  8 2 6 2  30-02 
14 6.7 8 8  6 6 4 7  1 4 0  18 357  RR484 907 008 372-02 2 .5740 8 3 7 6 3 9 8 6 1  8 4 0 8 9 9 6 1  99039LRO-02 
15 7.792 7 3 h 5 9 3 7 0 7 3 7 2 A 1 5  73274127331) -02  2.53 8 5 4 6 0  1 7 6 8 9 8 7 2 7 6 6 3 5 5a638994D-02 
1 6  8 . 8 ~ 9 9 8 8 1 Q 1 3 3 3 4 7 5 3 4 3 3 1 1 5 7 3 9 9 6 6 ) - 0 2  2. 5 4 1 4 0 5 4 6  1 6 3 8 8 6 4 0 2 6 4 7 5 2 27 5 4 9 6 0 - 9 2  
17  9 . 9 8 9 9 3  1 8 9 9 O 4 3 6 ~ 4 9 0 5 ~ 3 4 8 1 2 7 1 1 5 ~ - 0 2  2.53 36 1 2 6  1 0 2 8 4 3 4 1 4 8 7 6 8 5 9 16 6 7 6  30-02 
L A  1 . 1 1 7 7 R h 5 1 4 7 t 6 0 4 5 3 7 9 4 0 6 3 3 4 4 7 9 0 2 - 0 1  
1 9  1 . 2 4 2 5 3 2 3 2 7 c 5 9 5 3 9 3 7 4 9 2 0 5 0 4 9 ~ 1 1 l ) - 0 1  
2 0  1 . 3 7 2 8 5 5 2 1  0 0 8 3 1  93 6 9 9 7 3 6 5 8 3 0 0 2 6 n - 0  1 
21 I .  5 0 8 6 5 1  1 4 7 7 4 5 8 1 3  37c lD2672453523-01 
2 2  1 . 6 4 9 6 9 7 7 5 5 4 6 7 5 9 6 7 2 8 0 1 8 Y 4 4 0 2 5 8 n - 0 1  
2 3  1. 7 9 5  75  467 1 4 7 9 7 7 3  3473 6 5 9  5 6 1804n-O 1 
2 4  1 . 9 4 5 6 3  3 A 2  8 4 6  1226 33 1 5 8 2 7  858O223-01 
2 5  2.102 0 9 9 8  1 5 3 6-08080 3 3  8 1 4 8  2 0 9 06 OD-0 1 
2 6  2.26192~21915667503117676018R8I-01 
2 7  2 . 4 2 5 8 5 5 9 8  1 2 3 3 5 8 9  1 2 5 8 5 7 3  7 1 9 8 1 3 0 - 0 1  
28  2 . 5 9 3 6 6  176 3 0 0 2 7 5 3  7 3 ” 3 7 7 3 5 1 8 1 1 ; ) - 0 1  
29 2.765 0 8 6  37 C ? 4 2 4 8 1 7 4 7 9 2  1 3  5 086OOO-01 
30 2 .9393 7 L A ? 6 3 7 9 7 5 5 4 2 ? 4 5 8 7 3 9 67 6 9 0 - 3 1  
3 1  3.1 1 7 7 5 9 5 6  2 ?  hOh48441 4 3 4 5 5 1  P1767-01 
32 3.7 q 8 4  7 9  7 14C,70 3 1 Y  0 2 6 5 4  3 8 4 0 0 5 2 6 0 - 0 1  
37 3 .48 1 76 2 38 2 2 6 0 0  3 0 75  ‘1 2 8 8 9 3 Z 18 003 -0 1 
3 4  3 . 6 h 7 3 3 2 6 9 4 1 1 8 5 2 0  3 6 6 6 4 7 6 6 6 5 5 9 3 0 - 0 1  
2.5 1 6 0 5 7 7 7 9 2 3 9 0 9 8 0 6 6 2 9 8 8 6  17890D-02 
2 - 4 8  95 8 13 6 0 4 6  95 7 0 7 6 9 2 5 9 6 0  37 0 2  3D-0 2 
2 . 4 5 4 9 7 9 6 6 9 0 5 6 5 3 6 6  1 6 6 8 7  31 3 4 0 7  10-02 
2.41 3 0 1 3 3 5 4 5 2 ‘ ~ 3 9 9 5 9 2 0 5 9 5 2 9 6 3 1 7 n - 0 2  
2 .364408 3 6 9 1  1 7 5 2 6 15 8 6 2 7 5 1  4735513-02 
2 . 3 0 9 8 6 0 3 4 9 R 1 5 8 5 8 4 5 0 7 4 8 2 7 3 1 5 2  8n-02 
2 . 2 5 0 0 3 6 3  7 7 2 8 4 3 9 3 0 0 4 8 7 5 5 1 4 1 5 7 9 D - 0 2  
2.18 55 7 6 4 0 9 0 8 4 6 2 9 0  1 5  545 4 9 2 0 3 3 6 9 - 0 2  
2.11 7094L373O1102472860860822 1D-02 
2.0651 7 A O A 6 3 9 3 1 1 4 5 4 5 3 4 3 5 9 8 1 7 7 7 D - 0 2  
1 .9703909416959735745612A32162I - I -02  
1.8932 7 0 6 7 9 9 5 8 3 4 5 2 9 6 6 9 0 7 9 9 3 6 8  10-02 
1.81 43 300 5 8 8 2 6 4 6 4 5 4 7 9 5 5 4 2 2 3  75 10-02 
I. 7 3 4 0 5 6 6  1~030631O3634326761110-02 
1.6 5 2 9  1 2 4 8 0 31 9 A 5 4 8 8 2 0 3 4 5 3  51 3 7 8D- 02 
1.571334i293024925616Dl8582816~-02 
1.4897 32 6 4 3 8 3 3 5 3 3 7 9 8 0 5 0 9 9  1 1  7 4 4 0 - 0 2  
35 3 .  ~ 5 6 9 i z 2 3 8 ~ ~ 7 7 5 ~ 5 2 8 8 9 4 ~ 9 5 ~ ~ 5 5 n - o i1. 4 0 8 4 9 2 5  5 4 1  1 3 9 9 4 2 6 9 8 5 2 8 6 7 6 2 7 4 0 - 0 2  
36 4 .9442 19584268O904998920067647i3-01 
37 4 . 2 3 4 9 7 0 6 9 6 5  9 4 9 4 5 9 1 C 9 2 9 7 3 3  7 4 4 6 0 - 0 1  
3 9  4 .  6 2 5 8 7 8  9 6 7 8 9 8  118 2 2 9 6 4 3 4 0 6  1 3 7 7 3 - 0 1  
3 9  4.6 1 9 4 5 b 5 4 0 1 2  51 46S2O7808 86 06420-0  1 
4 0 4 .  A 13 0 1 3 94 1 5 92 7 3 0 6 9 3429 3 8 4 1 6 58 0 - 0  1 
4 1  5 . 0 3 6 6 6 0 4 7 4 3 2 3 8 2 7 2 3 7 4 9 5 5 1 7 1 8 6 7 3 - 0 1  
1 . 3 2 7 9 7 2 6 8 A 9 9 L 3 0 4 1 4 5 4 3 2 0 8 0 2 8 9 2 D - 0 2  
1 . 2 4 8 5 3 5 5 7 6 9 0  1 4 9 2 0 0 9 0 2 6 5 2 7 0 8 14D-02 
1 .1703975 0 4 2 9 4 3  0 9 9 5  1 4 5 9 6 3 4 2 6 7 5 0 - 0 2  
1 .09  392 A 5 4 0 2  4 9 2  7 0 4  3 8 146 42 7 9  7 6  90- 0 2  
1 . 0 1 9 3 5 2 6 3 4 0 3 6 3 7 9 2  1 6 0 7 3 3 6 6 8 3 5 2 D - 0 2  
9 . 4 6 8 9 7 7 9 0 7 9 2 9  1 2 4 0  3 9 0 4 4 4 6 0 1  4 3  5D-03 
1 
TABLE Ill.- Continued 
4? 5 . 2 0 0 3 0 5 5 6  336 1 5 7 6 8 5 Q 3 7 5 8 2 7 2 5 1 6 D - 0 1  
43  5 . 3 9 3 6 5 8 1 9 6 4 3 0 7 8 3  8 b 8 6 4 7 9 8 0 9 8 1 8 7 - 0 1  
4 4  5 . 5 9 6 4 2 7 8 6 3 7  3 0 ~ 0 6 2 7 2 5 6 13 8 0 9 5 7 2 0 - 0 1  
45 5 . 7 7 8 3 ? 4 8 9 6 9 9 7 2 6 3 5 1 6 8 7 1 5 8 9 3 9 5 7 0 - 0 1  
4 6  5.96 9 0 6 0 9 0  7 2 4  3 128 3 R  2 3 3B 7 9  36? 7 7 3 - 0  1 
47 5 - 1  5 S 3 49  22 0 5 2 146 9 5 bJ t? 2 d 5 0 4  7‘t 5 8 0  -01 
4 8  5 . 3 4 5 9 0 5 3 1  105145h53hl53J5058603-01 
4 0  6 . 5 3 1 4 4 7 2 3 1 0 6 2 7 9 6 9 6 3 9 7 5 4 4 8 9 3 0 6 0 - 0 1  
50 6 . 7 1 4 6 9 6 0 3 6 7  1 2 9 1 3 8 8 5 4 5 7 8 1 5 5 7 4 5 0 - 0 1  
5 1  5 . 8 9 5 3 7 h 2 0 9 4 3 R 0 6 5 4 1 ~ 6 7 3 3 2 1 3 1 3 3 ~ - 0 1  
52 7.073 2 1 6 0 7 2  1 0 5 9  1842 3 2 9 8 0 0 7 0 6 5 2 D - 0 1  
53 7 . 2 4 7 9 6 8 1 9 9 3 4 4 3 6 5 9 4 3  1 0 0 1  7737681)-01 
54  7.41 93 0 9 8 2  1 4 3  0 0 2 6 7 3 4 1  1 2 6 3  691 2 89-01 
55 7.587 3 4 3 2 2  112 9 1  12 2 53 3325 32  88490-0  1 
5 6  7.7 5 0  8 9 6  122 8 9  3R02 3 9 3 8 9 4 8 8 9 7 6 1  3D-01 
5 7  7.9 106 22 07 3 8 2  8 5 5 7 245 1 9 95 9 9 203 80-0 1 
5 8  8 . 0 6 5 9 8 0 8 1 5 8 5 3 0 2 3 3 0 4 0 8 2 4 6 3 5 0 2 6 3 - 0 1  
5 9  8.2 16  7 3 8 6 4  8 5  0 1 32 0 5 5 5 6 0 9 5  6 5 17 070-0  1 
hO 8 . 3 6 2 6 6 8 7 8 1 8  1 1 5 0 5  7 5 8 8 7 5 5 0  10664D-01 
6 1  8 . 5 0 3 5 5 1 6 7 8 7 7 3 R 8 1 5 5 3 7 6 9 5 2 3 1 5 8 0 0 - 0 1  
6 2  8 .6391 753 R 6 8 2 7 5 4 7 9 5 3 2 2  11 71 2 5 5 6 3 - 0 1  
6 3  R. 7 6 9 3 3 5 8 5 7 8 7  1 1 5 7 4 3 7 9 7 2 O 3 4 4 6  1 7 > - 0 1  
6 4  8 - 0 9 3 8 3 7 2 5 6 4  11 3 4 5 7 3 4 8 2 6 1  2 54863n-01 
6 5  9 . 3 1 2 4 9 2 2 5 5 2  1 0 3 5 1  2 7 3 5 4 7 1  7 7 6 2 7 9 0 - 0 1  
6 h  9.125 12L318I641873333E?6564765r~-Ol 
0 7  7.2 31 5 5  7969C 92471 7693095 3 0 8 3 7 9 3 - 0  1 
8 . 7 b 7 6 6 3 2 9 0 2  1 3 8 1 7 3 2 9  1 5 4 1 9 5 2 5 8 2 0 - 0 3  
8.0913 5 2 2 2 3 4 8 7 2  9 6 9 8 9 8 4 0  1 1  6 1  2910-03 
7.441 5 652 6 8 5 0 5 8 3  2 7 2 0 3 0 2  7 2 9 8 2 6 4 0 - 0 3  
h.8195 789422592725360505L9925OD-03 
6.22 64 3 1 7 0 1  8 9 3 6 9 8 6 9 0 7 L 3 3 0 8 6 4 4  09-03 
5 . 6 5 2 9 5 0 7 6 6 1 7 4 1 7 3 4 3 5  1 7 9 5 1  7 9 6 7 0 0 - 0 3  
5.1296 5 9 7  5 2 3  1816 78 5 0 5 3 1  6 0 4  1 9 0 5 0 - 0 3  
4 . 6 2 6 9 8 7 0 9 9 1 9 2 2 3 6 6 3 0 8 4 5 8 6 6 7 3 2 2 0 - 0 3  
4.1550 7 5 2 4 1 6 6 0 6 5 9 5 9 0 8 5 4 2 7  1 9 5 0 8 9 - 0 3  
3.71 3 8 9 0 4 9 5  25 7 0 9 0 3 7 2  142 82 52 53 40-03 
3 . 3 0 3 2 1 3 6 0 5 2 8 1 0 9 2 3 8 8 1 7 4 5 7 5 4 2 1 7 0 - 0 3  
2 . 9 2 2 6 5 0 9 0 9 8 7 1  2 2 2 2 3 3 9  70 6 5 4 6 4 8 4 0 - 0 3  
2 . 5 7 1 6 4 6 0 6 2 5 5 1 6 8 4 6 5 2 2 9 8 9 9 8 9 8 2 9 0 - 0 3  
2 .24949225617 1 9 3 0 2  5 7 9 8 6 8 6 4 4  7 4 9 0 - 0 3  
1.9553 4 4  8 8 7 0 4 2 8 8  13 5 4 5 3 0  77 9 6  00 7D-03 
1.6882345954073751318485745712D-03 
1 . 4 4 7 0 8 0 6  161554304560812179293D-03 
1 . 2 3 0 7 0 4 3 7 1 8 9 7 8 1 9 4 7 6 2 2 9 3 0 9 9 1 8 0 0 - 0 3  
1 . 0 3 7 8 4 3 2 3 9 1 3 5 7 7 8 9 5 6 7 2 8 6 7 7 1  119D-03 
8. b 7 1 6 4 4 1  7 3 0 2 3 8 6 8 8 20 2 8 6 0 8 5 3 2 4 9 0 - 0 4  
7- 1 7 2 7  8 8 2 9 8 9 4 2 0  7 7 4 2 6  2 7 6  3 4 6 2 4 3  5D-04 
5.86 75  4 9 8 6  7 52 0 2 0 0 8 2 0 8 7 492 00 3 4 2 0- 0 4  
4.7+ 13 2 7 3 6 7 7  8 1 6  3 45 97 9 5  548 85 5 4  5D- 0 4  




b e  3 . 3 3 1  6 3 9 0 ~ 1 h O 3 ~ 2 2 6 4 6 9 0 0 7 0 0 9 5 6 7 ~ - O l  1.732 J 6 0 9 7 6 4 0 9 3  8 7 3  1 9  3R0 1 5  5 5 0 6 5 0 - 0 4  
69 9 . 4 2 5 2  14?6306??t ,  7 0 7 3 5 9 5 3  2 5 88007-0 1 1 . 2 8 1 2 0 7 1  G80746853647057023144l~04 
7 0  3 . 5  12 1 6 4 8 8 9 %  1578 396 1 5 4 3  0 4 6 3  3 17-01 9.23 13  0 5 9 4 8 2  3 8 9 7 4 0 8 0 5 2 0 6 a o 9 2 2  ~ ~ - 0 5  
7 1  9 . 5 9 2 2 9 8 0 1 6 7  3 3 4 1 9 9 6 4 8 2 2 5  1 3 6 6 4 8 0 - 0 1  6 . 4 4 8 3 9 3 7 0 2 5 1 6 3 1 0 2 2 0 9 6 3 6 0 5 6 6 6 5 D - 0 5  
72 7 .6  b 5 5 5 3 7 2  4 3 2 6 8  2 P 8 172 9 7 5 L 2 43 3 17-0  L 4.3403033 8 7 8 1  1 5 6 8 8  7 2  772 12  73 1OOD-05 
7-3 2.791 
7 4  9 .790942 45 0 0 5  9 73 5 0 5  I 3 0 6 7  o 5 4 8 8  30-0 1 1.6971 L 1SO96790982 5 5  1 11 7 6 5 8  1890-05 
75  9.847 8 R6R1 91U l R 5 6  5 8 4 6 2  15 3 9  1 2 2 6 3 - 0 1  9.59 12 0 1 6 9 7 5  1 6 4  7 0 3 7 7 2  0 7 2 5 8 2  109D-06 
7 6  9 . 8 3 7 5 5 6 6 6  87 17  100 31 7 0 8 2 1  82260813-01 4.91 7 4 0 4 5  1 9 1 2 1 5 5 3 8  1 3 6 7 4 4 2 2 9 7 1 5 D - 0 6  
77  9 . 9 2 6 9 8 4 8 3 5 3 4 6 4 4 2 7 2 5 3 5 1 6  1 9 3 2 2 6 0 - 0 1  2.1981 331 1 3 5 7 9 7 2 0 2 6 2 0 8 0 2 2 2 6 3 5 1 9 - 0 6  
7 8  9 . 9 5 4 R 1 5 2 5 9 3 6 4 2 8 3 J 9 0 5 7 3 8 2 4 ? 2 9 7 ~ - 0 1  7 . 9 8 0 5 3 5 6 9 7 7 4 2 2 2 1 5 0 4 1 9 9 2 7 1 6 5 1 5 D - 0 7  
7 c  9 .  $ 7 7  3 0 3 ~ O ~ 0 9 4 8 3 1 5 7 2 9 ?  
3 ~ 7 3 1 8 0 1 7 7 2 3 4 8 2 5 7 5 9 ~ 2 1 ~ 5 ~ 5 5 ~ 3 ~ ~ - 0 1  973950831979777Q63944959~-05 
1 2  9 8 9 1  8 0 3 - 0  1 2.03 02 7 L 9 0 0 6 6  7 9 3  8 9 3 9  1 4 7 0 1  0 3 9 5  10- 07 
9 i )  7 . 9 9 7 3 1  7 4 L 5 5 5 5 R 0 3 n 5 7 4 c 1 6 3 6 3 3 4 l m - 0 1  2.40 116 2 4 3 6 8 6 3 7 7 9 7 5 8 1 8 2  3673 78  713-08 
Y = 89 
“1 X ( Y )  
1 1 . 5 3 8 6 9 4 7 1 7 3 0 4 4 9 1  2 7 7 8 7 5 2 6 0 6 1  0 9 0 - 0 4  
2 8.7hR 1 6 8 2 9 8 2  7 7 3 6 3  4 1 6 3  3 33 2 7 3 2 9 8 D - 0 4  
3 2.20897 1 5 6 1  3 63  7 0 8 9 1 9 2  9 6 8 6 0 9 1 6 2 0 - 0 3  
4 4 . 1 5 2 0 2  3 7 7 2 5 7 8 9 2 4 5 7 3 3 4 6 6 5 7 4 8 9 4 D - 0 3  
5 5.705 7 5 1 1 8 h 5 0 7 0 4 6  1 4 4 4 12 2 5 5 4 2 4 9 3 - 0 3  
h 9. a h 6 5 9 9 1  1 1 3  3 1 6 9 4  1 4 4 0 4 3 5 3 4 6 5 5 9 D - 0 3  
7 1 . 3 6 3 2 9 6 3 2  1 7 9 4 2 2 0 0 4 3 9  1 3 5 2 5 7 6 7 7 D - 0 2  
R 1 .~0003O9493437079512899622439~-02 
0 2.2963 7 3 8 3 3 7 9 4 7 1 6 7 2 4 0 17 1 9 6 3 7 3 0 0 - 0 2  
13 2 .851752457760111h7132773130023-02  
11 3 . 4 6 5 5 1  4 5 8  1 1  2 9 2 1 4 7 0 1  8 3 4 3  1 8 5 6 5 0 0 - 0 2  
1 2  4.1369304502597078636387228915?-02 
1 3  4.865 1 9 4 6 8  15 7 8 8  83 4452 6 7 4  2 5 4 8 2  20-02 
1 4  5.h4942796359465958213486498860-02 
1 5  5 . 4 8 5 6 7 8 6 7 0 5 3 9 9 1 9 7 6 8 8 5 3 1  7 2 7 1 6 7 0 - 0 2  
16 7.3 8 1  92 4 4 4  1 6  9 7 4 9 6  1 2 9 5  8 8 3  3 2 8 1 5 2 0 - 0 2  
1 7  8.32 R07 37.5 0 7 3 6 8 4 2 3 9 4 3 9 7 1  8 7 1 8 0 3 3 - 0 2  
18 9.32 5 9 6 7 5 5 7 2  1 2 1 6 2 2 0 5 8 5 7 0 2 2 6 9 6 7 D - 0 2  
10 1 . 0 3 7 4 3 8 O 8 4 4 7 3 0 5 9  19 10 3 1 2 4 3 9 0 3 3 D - 0 1  
2 0  1.147 2 0 2 4 4 0 5 3 3 5 4 2  1 6 4 0 3 6 2  4 9 5 8 6 1 0 - 0 1  
2 L  1.2 61 7 5 4  65 26  3 1 75 9 6 04 4 0  13 9 5 1 9 6  5D-0 1 
72 1 . 3 8 3 9 5 3 4 7 ~ 3 3 R 0 0 0 4 7 3 9 1 4 5 3 4 0 2 0 7 0 - 0 1  
W ( M )  
3.69 1 1 4 7 3  5 4 9 8 8 0 7 9 2  3 6 2 0 3 7 2 7 4 2 7 9 D - 0 3  
7.2256 3 8 9 4 3 3 7 4 1 6 8 2 3 4 5 4 14 6 5 4 3 8 6 ~ 0 3  
1.0003 151 079453681406178104153D-02 
1.2 3 0 4  8 7 8 9 1  7 8 8 8 6 9 5  8 7 9 9 2  1 9  75 31 6 0 - 0 2  
1 . 4 2 5 4 4 8 4 4 0 7 2 8 7 1  1 6 9 0 8 3 6 2 2  4770OD-02 
1.592 1 7 9 2 5 5 4 3 4 8 3  3 1 6 0  1 9 7 9 6 9 4 4 0 3 0 - 0 2  
1.73 5 1  92 1 6 2 4 0 3  75  77  2 6 0  5 3 4 2 3 8 0 6 2 1 ~ - 0 2  
1.85 7 6  647 95 107 L 457 9 9 0 3 3 0 1  3 8965D-02 
1.96 1 9  765 3 2 3 5 8 9 0  7 3 5  1 2 3 3  5 8 5 5  38 19-02 
2.1Z3237B580091013938328636585O-02 
2 . 1 8 2 9 8 3 7 7 8 3 5 2 2  2 7 7 0 3 4 2 8 5 0 7 4  1 0 7 0 - 0 2  
2.2 30  3 30a 7 7 6  005 42  8 2 4 8  38 7 4  i 157 io- 02 
2 .266245 8 8 3 7 8 1  3 5 6 1 0 4 4 2 9  7 0 5 8 9 5  7D-02 
2 . 2 9 1 5 9 4 5 2 2 6 8 4 8 7 3 3 0 9 4 1 9 6 0 9 8 a 4 9 ~ - 0 2  
2 . 3 0 7 1 6 4 3 2 9 1 7 5 8 3 5 9 9 6  7 16 5 8 2 4 8 9 3 0 - 0 2  
2. 3 1 3 6 7 9 d 4 4 6 6 8 8 1 1 1 8 4 9 1 8 2 3 4 3 7 9 O D - 0 2  , 
2.311815572293253350319481092OU-02 
2 . 3 O 2 2 0 4 3 7 5 0 4 8 8 6 2 5 9 9 3 1 0  136503ZO-02 
2 .2854442 791 5 9 7 0 6 7 6 9 4 1 7 0 2 8 8 3 8 6 D - 0 2  
2.2621 0 3 5 3 6 1 3 7 2 9 2 0 5 0 4 7 0  1 4 8 4 5 3 2 9 - 0 2  
2 . 2 3 2 7 2 4 4 5 8 2 5 4 4 2 5 1 2 0 8 4 8 3 2 9 3 7 7 7 D - 0 2  
47 
TABLE III.- Continued 
2 3  
2 4  
2 5  
26 
27 
2 8  
2 9  
3 0  
31 
3 2  
3 3  
3 4  
' 5  
36  
3 1  
3 8  
3 9  
4 0  
4 1  
4 2  
4 3  
44 
4 5  
46 
4 7  
4 8  
4 9  
5 0  
5 1  
5 2  
5 3  
5 4  
55  
5 6  
57  
5 0  
5 9  
6 0  
6 1  
6 2  
6 3  
6 4  

6 5  
6 6  
6 7  
6 8  




7 3  
7 4  
7 5  
7 6  
7 7  
7 8  
7 9  
8 0  
51 

8 2  
R3 
8 4  
85 

e 6  
8 7  
9R 

1 . 5 0 4 6 5  1 7 0 4 2 4 4 4 4 8  1101 8103 6 1 9 9 6 0 - 0 1  2 . 1 9 1 ~ 2 6 3 2 1 4 0 4 2 4 6 3 5 4 2 0 9 6 0 7 6 4 4 3 D - 0 2  
1 . 5 3 2 6 9 6 7 7 7 1 2 2 4 4 1 1 1 5 3 7 2 4 9 3 8 8 8 5 i l - 0 1  2.15 7 9 0 7 5 5 2 5 2 3 0 7 7 0 7 3 2 9 5 1 8 3 5 0 6 4 ? - 0 2  
1.766930111O80193O815419103402~-0l  2.11 3 4 4 7 3 6 4 0 4 1 9 9 5 8 0 7 8 9 2 ! I 7 2 3 5 5 7 D - O 2  
1 . 9 0 1 1 8 8 1 R 5 6 7 9 2 4 3 1 2 7 4 5 5 ~ 0 ~ ~ 3 ~ 5 D - 0 1  2.06490695868483852838O462714 7D-02 
2 . 0 4 1 3 O 2 3 0 5 9 1 6 3 2 9 3 3 3 2 2 4 7 3 7 5 7 6 4 5 - O 1  
2.185 0 9 8 9 0 6 9 3 7 0 9 1  7 8 0 7 4 7 2 7 1  2 1  160-01 
2 . 3 3 2 3 9 9 7 7 4 3 1 5 3 5 7 2 1 2 8 1 8 5 6 3 5 6 6 0 0 - 0 1  
7 . 4 8 3 5 2 2 ? 6 9 7 0 5 4 3 5 1 4 6 5 5 4 8 8 4 2 3 8 7 D - 0 1  
2.636 7 7 9 5 6 1 6 5 2 6 8 1  3 2 3 4 7 0 8 3 7 7 2 9 0 0 - 0 1  
2 . 7 9 3 4 8 0 8 6  1 3 2 9 2 2 3  3 132 5 2 3 5 2 0 8 3 6 0 - 0 1  
2.95293166?0457910466016528903D-01 
3 . 1 1 4 9 3 3 9 8 8 5 7 7 4 9 4 3 8 9 2 9 8 8 3 7 0 2 9 O O - 0 1  
3.2732 8 6 6 3 7 1  2 9 0 8 3 7 8 3 5 0 3 3  1 8 5 2 9 6 9 - 0 1  
3 . 4 + 5 7 8 5 4 3 1 1 5 5 5 5 8 2 4 4 7 7 0 7 3 q 1 9 3  30-01 
3 . 6 1 4 2 2 3 5 0 3 2 4 4 7 5 1  8 8 5 4 6 9 5 8 5 6 0 6 0 0 - 0 1  
3.7 8 4  3 9 1 4 9  56 6 0 4 0  8 9 1 6  4 2 5 6  2 53 5 3  80- 01 
3 . 9 5 5 0 7 7 8 8 2 9 3 8 7 3 4 6 0 1 3 4 4 2  1 6 6 3 3 7 0 - 0 1  
4 . 1 2 9 0 6 9 2 @ 7 1 2 2 5 7 3 1 6 1  8 7 7 1 4 8 6 7 6 6 0 - 0  1 
4.3331 5 0 3 5  1 3 1 5 6 0 3  772224OOO7396O-01 
4 .478  1 0 4 8 0 9 2 3 1 5 8 8  7 3 6 7 8 8 5  1 9 1 4 3 7 0 - 0 1  
'+ .653 7 1 4 9 5 6 4 1 1 2 2 3 9 1 3 1  3 5 0 4  881860-0 1 
4 . 8 2 9 7 6 2 3 2 2 7 7 5 4 4 1  9 3 8 9 4 2 1  80801013-01 
5 . 0 O 6 0 ? 7 8 6 6 1 8 1 4 7 4 7 4 ~ 7 0 3 3 2 3 2 5 8 0 ~ - 0 1  
5.18 2 2 9 2 2 4 6 6 4 5 6 9 1  6 5 0 0 9 2 3 9 4  7 6 6  13-01 
5.353 3 3 6 1 0 0 8 9  5863 6 6 4 7 8 5 9 7 1 4 7 9 3 0 - 0 1  
5.5339433169142831388081356496D-01 
5 . 7 O 8 8 8 6 3 0 8 1 3 2 7 0 8 8 3 2 5 3 2 3 9 8 9 9 4 7 D - 0 1  
5.88 2 9 5 6 2  8 6 9 4 0 0 3 6  4 111 4  11 13 45  3 13-0 1 
6 . 0 5 5 9 3 3 5 3 7 1 6 4 0 3 7 6 0 0 8 6 6 ?  56590013-01 
6.22 7 6 0 2 6 8 5 1 8 9 4 2 8 0 7 4 ? ~ 9 8 2 4 0 4 ? 3 3 0 - O 1  
6 .  3 9 7 7 4 9 9 6 9 3 7 5 Q ~ 8 8 0 4 0 4 1 5 4 6 5 1 0 2 3 - 0 1  
6.566 1 6 3 5 0 7 4 4 1 6 6 9 9 8 8 7 4 2 7  1 9 5 0 5 4 0 - 0 1  
5 . 7 3 2 6 3 3 5 6  1 4 8 0 1 4 3 1 2 2 6 9 9 8 7 9 0 0 1 7 O - 0  1 
6.896 9 5  2 8 0 0 2  8 0 5 2 7 8 0 9 7 4 2 7 9 5 3 9 4 3 0 - 0 1  
7 . 0 5 8 9 1 6 5 5 R 6 2 5 7 9 8 4 5 3 0 0 4 6 5 0 2 0 9 0 0 - 0 1  
7 . 2 1 8 3  2 3 0 9 3 2 4 5 5 0 4 6 2 0 1  1 3 3  6 6 9 9 7 5 3 - 0 1  
7 . 3 ' 7 6 9 7 3 8 3 5 1 0 4 7 1 0 6 9 6 4 4 7 8 8 5 2 7 4 1 0 - 0 1  
7 . 5 2 8 6 7 3 6 3 7 7 1 4 8 6 7 7 1 7 4 8 5 4 1 9 2 1 5 9 0 - 0 1  
7 . 6 7 9 2 3  107115 7 2 6 6 2 5 2 3 6 5 3 2 2 6 1 8 2 D - O l  
7. a 2 6 4  5 84  1 15  I 49 7 5 6 1 5  3 0 3 2  3 4  198 70-0 1 
7 - 9 7 3  1 7 2 3 7 5 4 1 4 8 2 4 5 2 1 6  1 7 R 9 2  1 8 8 5 3 - 0 1  
0.11 0 1 9 3 8 4 9 3 8  7 0 1 3 4 9 3  5 8 4 2  5 4 2 9 1  10-01 
3.2'tb 3 4 8  3 6 3 1  5 6 1 5 2  4 7 9 9 8  3 5  b 2 5 346n-0  I 
9.3 7 9  4 6 6 2 6  07 9 5'483 6 4 2  5 4 9 7 3  3 7  3563-01  
8 . 5  C b 3 8 L 9.26 8 , )  12q 2 48  7 13 b5  6 16 7 82 9-0 1 
8 . 6 2 9 9 3 8 9 7 8 0 2 9 8 5 9  5 0 2 6  7 1  4 8 ? 7 0 0 8 ? - 0 1  
R .7't 8 9 83 2 5 99 0 0 Z .7 5 5 77 0 0 19 4 8 7h 79@-0 1 
8 . R 5 3 3 5 8 h 3 9 5 5 1 7 8 7 4 8 7 2 9 2 1 3 2 6 5 3 4 P - 0 1  
8 . 9 1 2 9 3 1 4 9  13143O5023693J487858J-01 
9 . 0 7 7 5 6 ? ? ? 4 9 ) 8 5 3 6  7 4 1  2 2  1 7 4 1 2 2 9 6 0 - 5  1 
9 . 1 7 7 1 2 O 5 2 6 2 8 3 9 5 5 2 5 3 1 1 6 1 2 0 1 > 5 3 0 - 0 1  
9.2 7 1  4 8 ? ? 2 0 4 6 3 2 8 9 9 2 1 4 2 1 ~ 2 6 2 7 6 9 3 - 0 1  
9 . 3 6 5 5 2 9 7 2 6 8 9 2 1 7 5 8 3 8 8 0 9 6 4 4 6 5 1 4 D - 0 1  
~ . 4 4 4 1 5 2 0 5 6 4 0 4 2 9 3 0 9 4 2 4 ? 3 2 4 0 7 5 7 D - 0 1  
9 . 5 2 2 2 4 4 9 8 0 0 4 5 3 2 3  5 4 6 0 3 6 5 4 8 9 3 3 5 3 - 0 1  
9 ~ 5 9 4 7 1 1 1 5 9 4 5 5 1 4 7 9 4 5 3 6 9 L 3 1 1 h 5 0 D - O L  
9 . 6 6 1 4 6 0 2 6  R 6 8 9 6 3 9  102 1 6 8 3 6 0 8  1130-0  1 
9.722 4 0 9  1 0 7 7 1  7 n 2 6 0 0 4 0 9 5 5 6  1 6 4 8 1 0 - 0 1  
9 . 7 7 7 4 8 1  7 5 5 1  7 6 6 3 3  5 1  1 7 4  7 9  7 0 0 5 5 4 ~ 1 - 01 
9 .R256OY4 1 1 4 2 ? 3 8  1 1 5 4 2 4 7 1  6 4 1 9 6 0 3 - 0  1 
9 . 8 6 9 7 3  1 0 1 3 8 4 3 1 4 8 L 2 7 4 1 2 5 6 4 8 3 3 4 ~ - 0 1  
9 .906797 7 5 7 6 2 9 q 8 2 5 9 Y 5 @ 9 1 8 4 7 O 3 6 0 - 0 1  
3 . ~ ~ 7 7 4 8 4 8 6 9 5 5 0 1 7 6 0 0 8 0 ? 3 61 7 2 0 7 3 - 0 1  
9 . 9 h 2  5 5 9 7  1 2 2 6 1 9 2 9  3 3 2 0 6 8 6 6 2  5 9 1  13-01 
9 - 9 8 1  1 9 5 8 4 2 5 0 7 7 7 3 8 8 0 6 5 8 7  3 5 6 4 4 5 0 - 0 1  
9 - 9 9 3 6 3 5 5 4 6 4  18015 0 9 1  6 6 5 8 2  0 8 6 0 0 3 - 0 1  
2.0 1 2 7  3 0 3 9 9 4 1 6 2  9 8  7 4 6 0 0 6  3 9 9 8  8 9 6 0 - 0 2  
1.9 57 3 4 5 2  188 3 9 0  5 7 146 9 1  0 9 9  83 97 9 0 - 0 2  
1.899 16 2 8 2 4 9  7 1 4 5 7 5 3 3 4 9 6 2 1 0 4  5 6 3 0 - 0 2  
1.83 8 5  7 87 5 18 1 9 4 5  5 1 6 4  325 40 6 3  0 7 30-02  
1.17 5 9  7 2  7 8 9 8 5 3 7 5 3 5 4  0 3  3 0 0 2  8 9 0 3  9D-02 
1.71 1 7 0 9 0 2 7 8 0 5 5 5 0 5 2 2 ~ 7 3 6 3 1 5 0 1BD-02 
1.6461 3 5 8 2 9 9 8 0 8 9 2 5 0 7 2  7 9 6 1  04796D-02 
1 .5795 8 5 7 6 9 3 8 1 4 8 9 2 7 9 9 4 1 4 1 9 3 8 0 8 D - 0 2  
1.5123 7 5 5 3 3 3 9 3 5 9 2 9 1  9 4 8 8 4 4 0 6  1 3 7 0 - 0 2  
1 . 4 4 4 8 0 5 8 1 5 7 9 2 8 8  1 1 7 6 7 7 8 3 2 3 5 6 2 8 D - 0 2  
1 .3771 6120682069409358?50065260-02  
1 . 3 0 9 7 1  0 5 9 0 7 4 1  5 5 3 9 8  8 8 3 6 4 3 1 3 0 1 4 D - 0 2  
1 . 2 4 2 7 0 4 5 5 9 0 1 9 3 4 5 4 2 6 2 9 7  3 0 4 4 7 7 9 3 - 0 2  
1. 1 7 6 3 8 0 3 4 5 7 2 3 9 5 8 1 3 9 4 0 8 8 9 9 9 6 3  LD-02 
1.110~56790670972748320!I25'1767D-02 
1.0466 3 6 8 3 4 7 9 4 9 1  2 6 9 7 9 2 9 2 5 0 8 7 9 3 0 - 0 2  
9 . 8 3 6 0 7 0 5  1 3 5 I 1 3 1 7 6 0 9 1 9 4 7 6 1 5 8 9 4  1 0 - 0 3  
9.22 0 3  7 7 1  6 1  0 4 4 8 1  12 0 2 18 5 9 4  15  2 3  80-03  
8 . 6 2 0 8 2 9 1  786766550296450060067D-03  
8 . O 3 8 8 0 7 1 2 4 0 5 8 3 0 7 9 8 0 8 1 2 6 8 7 4  8351)-03 
7 .4755 3 3 1  9 3 7 6 5 3 9 9 6 7 4 9 8 2  8 8 6 0 6 5 5 9 - 0 3  
6.93 2 0  7 3 6  3 7 4 2  1 9 5 3 1  4 8 9 2 9  2 0 0 8 2 7 9 D - 0 3  
6.40 9 3  4 16 15 3 0 2 9 4 9 5 2 9 0 2 9  3 5 8 8 2 7 5 0 - 0 3  
5 .9081004974085675384144885465D-03  
5 - 4 2  89  6 1 5  9 7 9 7 5 9 0 5  5 5 2 8 6 8 9 2 0 4  8 4 4 9 - 03  
4.9 7 2 4  1 8 3  3 6 0 1  80  7 3 5 0 2 0 2  6 2 8 2  5 7 7 90- 0 3  
4.53 8 7 9 0 8 0 9 9 2 5  1 5 6 0 6 4 1 2 8  8 6 2 8 8 3 9 9 - 0 3  
4 .1202 9 0 7 6 9 7 0 2 7 9 8 2 3 7 4 6 8 8 3 3 1 1 9 7 D - 0 3  
3. 7409969712429762025776152895D-03 
3 . 3 7 6 0 6 6 8 9 0 5 0 2 6 1 7 8 8 9 5 8 4 4 7 4 9 1 7 5 0 - 0 3  
3 . 0 3 5 7 4 2 7  76 7 1 6 8 0 1  1 5 2 3 1 8 5 9 5 4  1 5 0 0 - 0 3  
2.71 7 3  5 a 0 2 0 1 ~ 5 2 3 ~ ~ ~ 5 ~ 2 9 9 0 3 5 9 1 2 0 - 0 3  
2.42 1 3 4 3  8 Q 8 9 3 2 0 5 8 2 0 3 7 1 6 7 2 7 4 9 2ID-03 
2 .1472 3 6 0 4 6 9 5 2  81 5 8 9 4 4 7 9 4 7 3 C 9 6 7 D - 0 3  
1 . 8 9 4 4 8 2 5  0 5 4 0 6 5 9 3 3 5 5 3 5 4  5 6 0 1 4 1  50-03  
1.66 2 4  501 76 94 1 5  329 5 0 4 2 9 9 0 0 7 0 5  8D-03 
1 . 4 5 0 4 3 2 8 0 2 3 3 7 2 6 2 0 1 4 3 4 8 4 8 8 6 8 4 5 D - 0 3  
1.25 7 6  5d 53 7 0  1 5 17 8  886 98  19  1 4 9  7 9 0 0 - 0 3 
1 . 0 8 3 L 9 7 7 3 0 7 0 2 7  7 6 4 3  1 5 4 8 6 7 9 4 9 0 6 0 - 0 3  
9 . 2 5 4 7 3 7 7 0 6 1  8 3 6 8 9 9 0 6 3 9 7 9 3 1 3 2 2 7 D - 0 4  
7 .8hL55903025I293 5 0 6 8 5 5 9 8 3 0 4 5 0 0 D - 0 4  
6 . 6 1 6 9 7 5 3  1 8 O 1 2 7 3 6 6 4 1 2 7 4 2 6 l l 2 1 2 D - 0 4  
5.51 81 3 2 9 7 4 0 3 6 2 0 7 5 1  2 2 6 5  5 9 9 4 4 1  OD-04 
4 . 5 5 6 0 2 6 9  7 3 6 8 5 3 6 4 6 0 0 3 2 6  5 8  12 3 5  7D- 04 
3 . 1 2 0 5 4 4 1 6 2 0 2 j 8 1 5 1 7 5 4 8 6 9 5 2 1 4 7  2 0 - 0 4  
3 . 0 5 1 5 4 0 1 1 9 4 5 8 8 0 1 0  1 5 4 6 4 8 1 0 3 7 8 2 D - 0 4  
2.3889 136 7 4 5 1 0 6 3 0 1 2 9 5 6 3 9 1  27 l 5 5 D - 0 4  
1. 8 7 2 6  795497102024313566876452D-04  
1.46 30 3 8 8 3 5 1  1 9 r 8 9 8 9 1 1 6 4 5 9 4 5 0 1  O D - 0 4  
1 . 0 9 0 4 4 6 9 9 3 8 4 7 5 7 8 1 6 9 8 7 9 8 1 6 5 2 8 6 D - 0 4  
8.0567911291801652592030403126D-05 
5.70 89 2 1280  3 7 6  8 9 12 5 2 4 0  7 48  8 8  1 3  OD- 0 5  
4.04 6 8  37 5 9 5 6 6 0 5  8 5 4 4 3 2 8 6  1 2  43  86 7 9 - 0 5  
2.77 1 4  7 914 3 4  7 2 8 3 0 8 2 4 7 52 3 4  3 4 96 9 0  -0 5 
1. 7 4 9 2 6 3 2  1 3 8 4 6 8 4 3 9 4 2 7 3 9 0 2 1 4 1 4  19-05 
1 . 0 6 2 5 6 1 8 5 7 4 2 5 2 0  6 3 4 2  8 7 8 6 0 7 2 6 1 8 D - 0 5  
6 . 0 0 1 3 6 6 1 7 8 7 4 0 3 3 4 6 0 3 5 0 5 7 8 7 6 2 1 1 0 - 0 6  
3.37 52 9 6 4  4 6 0 4 2 2  6 0 3 4 6 2  32 6 0 2  7 5 2  40- 06 
1 .3140 9 5  5 5 71 4 5 4 3 2 9 9 3  9 642  5 6 7  78 1D-06 
4.98 7 0 6  1 0 5 9 6 8 6 9 0 7 6  11 337 1 8 4 5  8 3  811-07 
1 . 2 6 8 3 9 4 7 3 2 4 5 4 2 3 6 6 3 5  1 9 6 2 3 6 1  4 4 6 0 - 0 7  
1 4 9 9 8 4  54  1 4 4 9 3 4 6 4 5  1 3 0 3 8  1 2  95  82 00-08 
48 

TABLE III.- Continued 
Y = 95 
M X ( M )  
1 1.3001326573902262460187732581r l -04 
2 7 . 3 9 8 4 8 8 6 3 0 7 6  112 1 0 6 D 8 9 2  1 2 2 6 8 5 4 0 - 0 4  
3 1 - 8 6 3  0 7897 7 5  3 1 0 3  1 117 6  1 9 5  5 5 3 3 6 4 0 - 0 3  
4 3.501 2 3 3 2 3 2 7 3 7 4 1 4  7 1 7 8 6 1  1 7 4 1 1  08D-03 
5 5.653 9 5 4 9 2 6 5  1 9 4 8 7  2 4 5 9 1  1 7 5 0 6 4 5  1 3 - 0 3  
6 8 . 3 1 9 8 8 4 8 6 0 0 5 6 4 3 9 5 9 6 0 4 7 1 0 3 4 5 3 4 0 - 0 5  
7 1 . 1 4 9 b 8 9 0 3 1 4 5 0 1 4 2 3 0 4 3 8 5 8 7 5 0 9 1 5 D - 0 2  
8 1 . 5 1 8 2 1 6 1 2  1 8 5 3 9 0 7 2 3 O 3 9 0 9 2  1 8 6 6 2 0 - 0 2  
9 1 . 9 3 7 2 2 4 0 7 8 9 4 2 6 7 5  1 2 4 8 8 7 4 2 6 1l 9 2 D - 0 2  
10 2.40631 5 6 4 9 S 8 3 1 1 3 8 6 0 0 7 7 3 6 4 1 1 5 8 D - 0 2  
11 2 . 9 2 5 O 2 4 1 3 4 8 9 0 8 0 4 8 9 2 2 2 6 5 9 3 8 6 8 6 D - 0 2  
12  3.492 9 3 4 9 9  83723~80236503803785o-OZ 
1 3  4 . 1 0 9 1 7 7 1 9 2 2 9 2 9 6 5 4 6 5 0 2 4 6 8 8 2 6 2 4 D - 0 2  
1 4  4 . 7 7 3 4 2 6 3 1 6 9 5 7 3 6 8  3 7 2 9 7 5 6 0 5 2 6 3 7 3 - 0 2  
1 5  5 . 4 8 4 9 0 5 6 q 2 0 4 7 8 7 8  5767 896 56 3 0 6 6 3 - 0 2  
1 6  5 .24288 7 3 9 2 3 6 1A44 7 7 2 5 0 5 1  0 6 8 5 2 5 3 - 0 2  
1 7  7.046 5 9 32 0 6 4 0 4  365 6 9 9 4  1 95 1 6 R5 3 85- 02 
18 7.8951;95746 184533 1 7 5 4 4 9 0 5 5 8 5 2 4 9 - 0 2  
1 9  8.7878 1 9 3 7 0 4 3  lR4135136074415R1D-02 
2 0  9 .723 5 4 1  2 7 9 4  74008 a162 398 3 1202 40-02 
2 1  1 .0731392577362627139151549417D-01 
2 2  1 172 33 593 7 5  0 11015 22 3 1 3 7 9 1  62 7 5 3 - 0 1  
2 3  1 .27793 8 3 9 2 6  82622 8 9 3 3 9 6 5 4 8 0 0 110-0  1 
2 4  1 . 3 8 7 7 3 6 5 1 0 2  3 7 6 3 3 8 1 6 7 7 8 7 6 5 4 9 7  13-01  
2 5  1.501 316 3 0 9 4 0 9 6 5 5  5 3 0 4 6 9 9  0 4 5 3 0 4 0 - 0 1  
2 6  1.618 5 5 9 3 6 6 1 3 3 2 4 7 0 0 1 4 7 O b 9 3 6 3 2 5 D - O A  
27 1 . 7 3 9 3 4 3 6 4 0 9 2 1 9 8 4 1 0 4 7 9 2 5 7 9 2 9 8 3 0 - 0 1  
2 8  1.853 543260775750?543765021113~-01 
2 9  1 99 1 3 2 8 7 2 4 O 3 9 0 L 6 0 0 5 5 5 3 93458663-0  1 
3 0  2 1 2 1  6 6 7 0 3 9 1  6 4 8 9 8  553 7 7 7 S 4 1 2 4 3  10-01 
3 1  2 . 2 5 5 3 2 1 R 6 h b 8 5 3 2 5 ? 2 5 3 6 1 2 3 2 1 2 9 3 D - 0 1  
s z  2.391 9 5 3 6 6 4 4 5 9 1  7 5 0 9 7 5 1 0 4 2  82 9963-01 
33 2.531 1 1 9 8 3 6 0 8 4 1 1 5 8 4 3 4 0 6 3 3 2 6 4 9 5 D - 0 1  
3 4  2.6729748R2328686YO43968882163D-01 
35 2 . A  17 2 7 0 5 5 5 4 5 5 9 8 9 5 7 0 0 0 3 74 5 9 7 0  10-01 
7 6  2 .96395601 h?9778h7197051651b14rl-01 
37 3.  I 1  2 5 7 7 9 9 7 9 3 1  8 9 0 5 6 5 0 5 7 9 0 7 5 5 9 7 J - 0 1  
38 3.263 2 80 94 7 3  103 52 6 7 3  3 2 58 4 4 5 3  91 D - 0  1 
W ( M )  
3.17 5 4 6 3 9  1 1 6 3 8 0 4 4 933 8 2 4  7 0  7 3  3 4 8 0 - 0 3  
6 . 2 4 0 8 1 6 1 3 3 3 1 0 4 2 3 2 1 4 6 1 4 2 0 1 6 5 7 l D - 0 3  
8 . 6 7 0 0 0 3 4 3 7 1 0 6 6 2 5 3 2 3 6 0 2 2 8 2 5 1 0 4 D - 0 3  
1.0700 1 1  1 8 3 7 9 6 3 2 7 17 3 0 3 8 5 0 5 9 5 2 9 D - 0 2  
1 . 2 4 3 5 4 4 9 0 2 2 0 3 6 7 8 5 0 9 3 8 6 4 7 5 2  745D-02 
1 .3934871 4 8 9 0 3 0  130 1 2 4 7 9 0 0 4 2 2 6 4 D - 0 2  
1 .5236343 1 5 4 1 4 6  1 1  1 4 6 5 2 1  9076700D-02 
1.63 6 6 5 2 2  77  15 7 5 4 2 0 8  8 2  18 5600 78  9 0 - 0 2  
1 .7345288 7 6 6 5 3 2  7 8 5 4 9 4 2 8 4 3 9 4 5 33D-02 
1.8188 1 5 3 7 4 7 3 8 5 2 2 1 9 8 4 4 4 2 0 9 8 6 5ED-02 
1 .8907 6 6 9  0 0 9 5 7 9  1 8 3 7  1 4 8 9  1 7  37 896D-02 
1 - 9 5  1 4 2 9 5 4 8 1 5 2 7 2 1  5 5 4 2 8 2 3 16379 10-02 
2.03 1 6 9 7 1  0 2 4 9 6 0 8 0 5 8 1 9 3 8 2 6 5 9 3 3 9 D - 0 2  
2 . 0 4 2 3 4 9 4 5 5 8 1 2 7 4 0 4 0 4 3 6 5 8 1 2 7 8 2 5 0 - 0 2  
2.07 40 7 9 4  36 1 2 2  1 0 6 5 0 37 8 5 6 4 0 9 8 5 9 D - 0 2  
2.09 75  120 26  592 7 4  80 7 4 3 0 9 6 06 4  3 7 29- 02 
2 . 1 1 3 2 1 8 4 1 7 4 8 1  1 2 5 2 4 0 0 8 2 4 5 2 8 1 5 6 D - 0 2  
2.12 17  2 6 4 5 2 8 2  1 5 5  1110878O301474D-02 
2.1~352850167Y65578004004476719-02 
2 . 1 1 9 0 8 7 4 5 1 9 0 5 3 0 7 9 6 6 7 0 9 6 4 5 0 6 0 7 D - 0 2  
2 . 1 0 8 8 4  13 1 0 9 2  7 6 0 9 5 6  15 71 0 8 5 7 2 8 9 0 - 0 2  
2.09 32 367 5 7 2 4 5 2 2  7 6 7 6 4 7 6  7 6  1 1 9 9  5D-02 
2.0 7 2 5  8 189 1 0 4 12 6 7 3 2 6 2 5 2  30 7 8 5 9 3 0 - 0 2  
2 .0473 4 8 3 6 6 6 3 3 0 2  1019 0 4 4  52 8 0 8 7 3 0 - 0 2  
2.01 7 9 7 3 0 4 3 2 5 1  1 1 2 5 8 0 3 0 6 7 1 9 0 2 9 0 0 - 0 2  
1 .9845992 5 7 5 8 4 6 3 8 ~ 1 3 0 0 6 7 8 1 5 5 9 8 D - 0 2  
1. 94 75  9 7  7 9  7 5  13 4 7 5 9 1 6 6  7 0  39 1808 30-02 
1 .9074676387526899460943745702D-02 
1. 8 6 4 4  3 6 k 9 2 9 2  1 6 9 4 4 6 17 7 8 6 6 4 1  8 0 5 0 - 0 2  
1.8188 1 1  2 0 5 5 6 5 0 4 3 6 9 7 3 0 8 9 2 ? 7 9 41D-02  
1 . 7 7 0 8 8 8 0  350 1 7 5 3 3  1 6 0 5 0 8  312881 30-02 
i.720952a37106433~0562769918330-02 
1 . 6 6 9 2 8 1  1 7 6 0 7 6 9 6 2 1  1 3 7 7 3 1 0  13227D-02 
1.6161383784943801897832979102D-02 
1. 56 17 795 4 3 9 8 4 0  1 0 6 4 7 3 7 9 6 0 0 4 4 1 4 O - 0 2  
1 .5O64495243464568381406064198D-02 
1 . 4 5 0 3 8 2 8 8 0 7 0 0 7 5 3 3 4 2 4 6 2 4 0 6 5 5 1  5D-02 
1.39 39 ~ l 3 R 2 6 7 6 6 1 6 5 4 6 2 7 8 3 3 5 4 3 8 0 5 D - 0 2  
3 . 4 1 5 8 0 7 2 ~ 2 i ~ i i 3 i s o h 5 6 ~ 4 2 5 5 5 ~ e n - o i1.3369261651203839518814070264D-02 
4 0  3 . 5  6 9  9 9 7 2  h ? 5f+16 2 8 132 5 6 9  4 6  5 1 7 343 -3 1 
4 1  3 .  72 5 5 8 9 6  946 586 53 51333 5 7 4  1 8550D-01 
4 2  3.9'32 7 2 1  54 5886023 0 9 1 9 4 8 5 9  76488D-0  1 
43 4 . 3 4 3 9 2 8 4 5  ~ 1 0 7 ~ 3 57 1 9 6 9 7 2  I 7 2 8 7 8 3 - 0 1  
4 4  4.2 0 0 14 4 7'1 0 5 3 3 6 5 9 42 6 8 6 OR 7 0 97 7 9 0 -0 1 
45 4 . 3 h 3 2 o 3 ~ 2 4 0 b 6 6 9 e i 2 3 8 1 5 5 4 1 ~ 4 3 3 ~ - 0 1  
4 6  4 . 5 2 0 9 3 7 9 4 0 5 6 9 5 8 4 5 7 5 2 0 0 8 0 6 ~ 0 3 9 3 - 0 1  
4 7  4 . 6 8 2 1 7 8 7 8 7 5 4 3 6 9 7  1 0 2 2 0 6 i 6 4 3 2 9 4 O - 0 1  
4 8  4 . 8 4 3 7 5 7 4 7 4 0 4 2 n 2 2  7 5 5 9 1 3 7 2 8 0 0 2 8 0 - 0 1  
4 9  5.005 5 0 4  7 2  42 3 15 7 4  94 0 8 9 8 4 2  20  1 9 5D -0  1 
5 0  5 . 1 6 7 2 5 1 0 7 6 6 2 1 2 1 3  8861 785493370D-0  1 
51 5.379827052569R74933!31596887813-01 
57 5.493O633367898115O082908666990-01 
5 3  5 . 6 5 0 7 ~ 0 Q 5 5 6 5 9 0 4 0 9 2 7 9 0 8 9 0 4 0 2 7 2 D - 0 1  
5 4  5 - 8 1  OR4145 5 1  5 7 7 6 7 3 5 6 8 2 7 2  5 1 8 3 0 4 0 - 0 1  
5 5  5.9700470782403861450041738615D-01 
5 6  6 . 1 2 8 2 4 0 9 4 1 4 6 6 ~ 7 5 0 7 0 3 6 0 6 2 9 0 0 5 4 3 - O 1  
57 6.2 852 5 7 2  1 0 6 9  1 5 8 5 3 3 8 2 4 1  52 8 94800-01 
58 6 . 4 4 0 9 3 1  2 7 5 6 5 0 2 9 1  7 0 4 4 2 2 9 0 2 0 4 6 8 D - 0 1  
5 9  6.595 0 9 9 9 2  32 3 7 0 1  3 58 12  8105 6 2 1  5 5 3 - 0 1  
6 0  6 .74760 1 5 0 9 3 0 9 5 7 4 16 8 6 5 3 7 2  952 080-01 
6 1  5 .  899 Z 7 6 1 2 8 8 3 3  1 2 9  O R 6  1 0 7 8  1 1  0548D-01 
6 2  7 . 0 4 6 9 6 5 7 8 4 1  8 6 9 4 9 9 3 9 6 8 0 8 6 1 9 0 7 6 D - 0 1  
6 3  7 .1935 1 4 5 5  1 4 5  7 6 3 8 9 4 5 6 6 2 3 8 3 5 0 6 2 O - 0 1  
6 4  7.3 3 7 7 h 8 7 445 4 4 2  58 37 65 0 72 7 0 88 54D -0 1 
1.279953L222116820462338251574D-02 

1.22 30  7 7 7 8 7 0 1  1 8 8 7 2 6 8 3 5 5 0 8 8 5 2 6 2 D - 0 2  
1 . 1 6 6 4 8 2 0 5 7 4 4 2  1 6 5 3 2  0 2 8 6 9 6 4 7 5 4  7D-02 
1. i 1 0 3 3 7 5 9 8 0 5 8 3 9 2 2 6 4 7 3 2  9405956D-02 
1.0 5 48  0 5  3 11926 72  0 1 82 867 52 1 9  8 78D- 0 2 
1.OOOO354~9136579217~L44106681D-02 
9.46 1 6 7 5 1  3 9 7 6 9 2 8 2 3 2 4 2 9 3 9 4 9 6 3 4 3 0 - 0 3  
8.93 3 3 0 4 9  2 4  1 18 1 2  45 59  2 180 4  70  52 3D-0 3 
8 .41642 7 0  12 1 5 0  1 0 3 3 3  1 9  17 1 6 6 0 9 2  90-03 
7.9 1 21 1 9 5 9 7  14 1  7 4 6  2 9 88 7 2  10  58  12  811-0 3 
7.42 1 3  5 6 6 4 9 6 7 0 9 9 1 4 0 6 6 4 2  1516974D-03 
6.94 5 0 0 9 1  0 8 3  8 2 9 8  1 8 3  1 5 9 5  5241 3 O6D-03 
6 . 4 8 3 8 4 6 3  127951361520373139569D-03 
6 . 0 3 8 5 3 7 6 7 9 0 0 2 6 0 6 0 2 1 5 7 9 4 5 8 7 0 8 2 ~ - 0 3  
5 .6096546 1 7 3 1 R 1 3 2 7 7 7 3 4 3 5 4 2 3 3 2 2 D - 0 3  
5.1976 I 2 6  89  1 8 2 6  5 1 2 9 4 5 2 25 4 9 6 5 2 7 0 - 0 3  
4 . 8 0 2 9 7 3 9 9 9  119 7 1  5 2 2 9 9 6 8 3 16 0 2 3  6D-03 
4.42 5 8 4 9 8 1 6 0 6 5 6 8 0 9 0 4 2 1 1 7 91 9 2 1  4D-03 
4 . 0 6 6 5 0 3 4 1  7 0 7 8 6 0 8 1  1 8 6 9 1 9 8  12 792D-03 
3 .7250 53  1 4 5 2 0 3 8 8 3 1 8 8 1  81 7672 42  7D-03 
3.40 1 5  3 5 b  72  1 4 7 0  1 2 0  13  737 05247061)-03 
3.095909455368458055980643302OD-03 
2.8080583 7 8 2 6 7 3 8 8 3 4 7 0 6 0 8 7 8 9 2 1 9 0 - 0 3  
2.53 7 7 9 5 5 6  1257 1 1 4 3  0 9 5 5 9  3 1 7 3  8 7 10- 0 3  
2.2 8 4 8 6  7 3  3075 1 8 8 7 3  1 0 4 6 6 3 8  12  5 9 0 0 - 0 3  
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TABLE III.- Concluded 
6 5  7 . 4 7 9 5 7 7 0 7 6 9 0 3 9 3 9 7 5 9 7 1 Q 9 1 7 2 2 5 3 D - 0 1  2.04 8 9  5 7 3 3 2  3 8 0 0 5  552 9 6 5 9 4 7  1 2 9 5  11)-03 
6 6  7.51 8 7 9 9 8 2 3 7 6  7 2 8 5 7 5 8 1 9 3 3 2 3 5 L l O D - 0 1  1.8% 9 6 9 0 7  7 4 1  1 0 3  3 4 3 6 8 0 2 5 9 3 3 9 0 6 3 D - 0 3  
6 7  7 . 7 5 5 2 6 3 9 6 3 6 5 7 5 9 0  1 3 1  3 3 3 6 9 7 5 8 0 8 0 - 0  1 1.6266 3 8 7 8 4 4 2 4 3 2 4 1 4 7 9 3 3  7345 1 7 7 0 - 0 3  
6 8  7.8P8 8 5  3 36 2 0 4 9 0 1 4 8  152 1 0 6  1 4 7 12 00-01 L.439322d7018789928398829583181)-03 
6 0  8.01 3 4 1  8 8 9 2 C O 2 6 7 4 6 8 4 3 2 4 7 6 3  7 3 5 8 0 - 0 1  1.26 7 2 1 9 4  5 8 4 6 5 3 3 8 6 4 4 8 5 2 0 5 4 3  7 5 8 0 - 0 3  
7 0  8 .  1468235966224@66490374524482Q-01 1 . 1 0 9 7 6 4 5  0 6 1 8 1 8 3 4 2 3 9 4 8 9 4 2 2 3 7 6 5 0 - 0 3  
7 1  8 .27393383 01 7 5 9 8 7  0 8 1 8 6 8 1  8 6 3 0 9 6 0 - 0 1  9.66358 1 6 1 2 7 1 1 4 7 8 1 8 9 7 4 1 0 6 5 1 3 2 9 0 - 0 4  
7 2  9.39161939872880689850785608052-01 8.36369458744565163524967680391)-04 
7 3  8.508 7 5 3 6 9 7  1 4 5 1 4 3  8 5 3 7 3 1  5 806649D-01 7.19 1 4 1 0 3 4 9 8 3 8 17 0 3 5 4 2 9 7 9 9 5 3 3 8 2 0 - 0 4  
7 4  3.622 2 1  3R423 1 0 7 8 3  9 8 9 4  7 7 2 8 8 1 1 8 7 0 - 0 1  6.1399 3 8 4 3 4 9 3  1 6 8 2 4 0 2  7 7 7 9 7 0 5 5  1 8 0 - 0 4  
75  8 . 7 3 1 8 8 0 8 3 2 4 3 5 0 9 6 5 3 7 6 0 9 7 0 8 3 1 3 5 3 - 0 1  5.2 0 2 3 18 5 5 3 43  2 5 7 7  1 94 9  49 0 9  2 8 6 0 9  3-04 
7 6  8 .  a2 76 3 9 5 2  2 3  1 0 9 5 7 8 4 1  802 I 6 9 1 6 3  10-0 1 4.37 1 46 7 2  7 6 0 0 2  8 2 80  0 4 4  1352 8 8 1 6  8D-0 4  
7 7  8.739379044363?507737116430i)550-01 3 . 6 4 0 2 2 4 2  3 1  5 746 8 9 0 2 5 0 0 3 3 2 6 4 5 4  5D-04 
7 8  9 . 0 3 6 9 0 ~ 6 7 5 4 3 9 4 4 0 5 a 5 3 5 ~ 6 9 2 ~ 6 6 7 ~ - 0 1  3.031 3 9 7 6 5 5 7 0 0 7 9 3 1  8 8 0 9 9 9 5 0 2 0 5 6 D - 0 4  
7 9  9 .130 3 7 7 8 4 9 0  7 4 9 5 5  8 5 5  5 4 7 3 9 9 4 6 7  1D-0  1 2.44 7 8 0 9  127390340~025472~707103-O4 
8 0  9 . 2 1 3 6 3 6 7 3 3 3 1 2 S 2 3  1 5 6 2 5 9 2 2 2 9 7 5 5 9 - 0 1  1 .9723 3 7 3 3 5 8 9 9 6 0 0 6  1 9 9 0 4 3 3 6 2  085D-04 
8 1  9.304 0 7 5  8 3 3 7 8  1 2 5 4 8  52 7 1 7 4  7 1  6 3 3  00-01 1.56 79 6 0 7 2 2 5 2 5 2 0 0 2 3 0 4 6 2 2 0 7 2 3 2  80-34 
s2 9 . 3 q 4 2 0 6 3 4 2 0 3 4 2 4 1 3 7 2 5 3 5 1 9 0 9 7 8 4 D - 0 1  1 . 2 2 7 7 9 8 8 4 6 5 7 3 9 4 3 1 8 0 4 4 0 2 4 3 6 8 8 O D - 0 4  
8 3  9 . 4 5 9 7 4 4 1 7 9 0 0 8 2 3 3  5 6 5 1  3 8 3 7 9 8 8 2 9 3 - 0 1  9.451523293343118C404680019666D-05 
8 4  9 .5306 1008 3 5  1 5 9 5 4  75 1 7 7 8  3 1 8 7 4 9 1  D-01 7.1354123503249928384798055187D-05 
85 3.596729695682731652956185232lD-01 5.2674175 3 3 9 8 7 1  7 7 2 7 1  9 1 6 9 6 8 7 7 6 6 0 - 0 5  
86  9.6580 3363 5 2 5 2 4 5 3  0027 0 6 5 4 6 7 9 8 1 0 - 0 1  3.78 8 2 105457 5 5 6 2 5 7 2 3 9  58  5 128 1 541)- 05 
87 3 . 7 1 4 4 5 7 5 7 4 6 9 8 8 3 1  8 9 7 7 8 3 4 8 3 2 6 1 4 D - 0  1 2.64 17Cl19364619837229383400345D-05 
8 e  9.765 9 4 2  30 7 1 0 7 ? 4 7 7 2  1 5 345 0 3 0 8 0 6 3 - 0  1 1. 775349490218830642503966598lO-05 
89 9 . 8 1 2 4 3 3 8 O 8 8 4 0 3 7 1  772316?597186C)-Ol  1.140444862806761904438O227202Q-05 
9 0  9.R5380329711942916262777261743-01 6 . 9 2 3 7 7 4 6 7 6 5 9 6 9 2 5 6 0 8 3 8 3 2 5 9 7 7 3 3 D - 0 6  
9 1  9.8902472A29463926621090685lhO~-Ol 3.9087468307758968064029164347D-06 
9 2  9.97 1 4 8  762 06 hR95 1 7 7 2  3 3 59  2 1863 00-0 1 2.002 1 7 5 3 7 9 3 6 8 5 6 4 6 5 4  1 2 4 2 2 2 3  1 7 6 0 - 0 6  
93 9 . 4 4 7 5  7 1  5 5 8 5 O 2 Q 2 45 1 7 4 9 1  6 5  869450-01 8.943 1 11 9  6 2 9  162 9 26  3 1 454 6 9  2 9  62  8D-07 
9 4  9.9684719071566351LD311874~3159-01 3 . 2 4 4 9 3 3 6 9 8 4 1  9 2  8 4 6 7  9 3 4 1  9 0  3942 80- 07 
9 5  9.9841 6 6  7 1  83 3 1 6 2 8  1 8 7 6  1 2 6 4 8 4 0 6 5 9 - 0 1  8 . 2 5 1 3 6 2 4 7 3 7 4 7 9 4 4 6 4 1 6 9 5 3 2 2 1 2 1  7D-08 
9 6  9 . 9 9 4 6 4 i 4 2  12  1 9 1  5 5 2 1 6 8 7 5 6 1  35524D-01 9.75 5 7 4 6 2  101 4 4 2  9 114 1  6 56 A490 2 7 2D-09 
ERROR ANALYSIS 

This section is concerned with methods for  estimating the accuracy of the computed 
quadrature abscissas and weights. The related subject of estimating the accuracy of 
integrals computed by a Gaussian quadrature will not be considered at all because it i s  
adequately covered in the l i terature.  (See refs. 7 and 8, fo r  example.) 
Calculation of quadrature abscissas and weights, as in the sample problem, con­
sists of several  computational tasks,  any of which can introduce e r r o r s  into the results. 
For the sample problem these tasks  are: 
1. Calculation of classical Gaussian abscissas  and weights. 
2. Reduction of the effect of the nonclassical singularity by using Taylor's theorem. 
3. Calculation of hn and hh by numerical integration using the abscissas  and 
weights computed in step 1above. 
4. Evaluation of bn+l = h;l/hn and Cn+l = hn/hn-1. 
5. Calculation of the desired nonclassical Gaussian abscissas and weights from the 
recursion coefficients of s tep 4. 
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oi The classical  Gaussian calculation of step 1 is very stable. Comparison of abscissas 
and weights computed by subroutine CGAUSS with tabulated values in reference 7 indi­
cates that the e r r o r  introduced by CGAUSS is negligible. Subroutine NGAUSS uses 
essentially the same algorithms so  it a lso introduces a negligible amount of e r ror .  This
i means that the abscissas and weights computed by NGAUSS will be accurate provided the 
I routine is furnished accurate recursion coefficients. Thus, the only source of detectable 
i e r r o r  are s teps  2 and 3 above, the singularity reduction and the simpler Gaussian 
I 
I quadrature. 
In a computation of this  so r t  it is useful to  distinguish between two kinds of e r ror :  
round-off e r r o r  and truncation e r ro r .  Round-off e r r o r  resul ts  f rom performing sequen­
t ia l  calculations with finite -length computer words, whereas truncation e r r o r  results 
f rom terminating a convergent mathematical process  after a finite number of steps. For 
example, if an integral is approximated by a finite sum as in equation (1)the truncation 
e r r o r  i s  due to  using too low a quadrature order,  whereas the round-off e r r o r  increases 
as the order  N increases. In a Gaussian quadrature, where all weights are positive, 
the number of decimal digits lost due to round-off is 
if individual computer words are rounded, and i s  
if individual computer words are truncated. In expressions (59) and (60), N i s  the num­
ber of t e rms  in the quadrature sum, which is the product of the quadrature orders  if a 
multidimensional quadrature i s  performed. 
For the sample problem double precision ari thmetic is used, thus computer words 
are truncated and expression (60) is appropriate. The maximum N is 2000 so that less 
than four digits are lost due t o  round-off. Since this loss  is negligible it can be inferred 
that essentially all the e r r o r  in the computed recursion coefficients is due to truncation 
e r r o r  in the Gaussian quadrature used to compute hn and hh (eqs. (38) ) .  
This e r r o r  can be estimated by using the program itself and varying N. For suf­
ficiently large N, if the leading digits in bn and Cn agree for  two different values of 
N these digits can be assumed to be correct.  A more reliable way to  estimate accuracy 
is to compare with more  accurate recursion coefficients generated by a different method. 
The magnitude of the truncation e r r o r  of a Gaussian quadrature depends upon the order  
and the function being integrated, but is independent of the weight function. This  means 
that for  the sample problem any value of CY can be used t o  estimate the e r ror .  In pa r ­
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ticular, when a! = 1, the weight function is In (l/x) and for this function values of b, 

and cn for  n = 1t o  16 accurate to 30 digits are tabulated in reference 7. Compari­

son with these values shows that for  N = 1400 the computed abscissas and weights bn 

and cn are accurate t o  about 17 significant digits and the accuracy decreases very 

slowly as the subscript of the recursion coefficient increases. Subprogram COMPARE 

was used fo r  this comparison. 
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Laguerre's iteration formula is used to  compute the zeros of orthogonal polynomials 
from their recursion coefficients. The formula is 
where p, p', and p" are evaluated at x = ~ ( ~ 1 ,  is the degree of the polynomialn 
p(x), x ( ~ )is the kth approximation to the zero being sought, and the sign on the radical 
is taken to maximize the absolute value of the denominator. Some properties of Laguerre 
iteration are (ref. 9): 
1. Convergence to a simple zero i s  cubic. 
2. The iteration is invariant under the bilinear transformation Z = (ax + b)/(cx + d). 
3. If all zeros are real  and distinct the real  axis is divided up into n abutting 
intervals, each containing a zero, such that any starter within the interval will converge 
to the root in that interval. 
4. If all zeros are real, convergence is monotonic. 
Property 1 above means that convergence is rapid. Property 2 makes it possible to com­
pute the Laguerre iterate of -m. If the sign on the radical is taken to be the sign of p' 
at the zero, rather than the sign of p' at the current iterate, then the interval of con­
vergence for the mth zero Xm extends from Xm-1 + 0 to Xm+l - 0. 
To describe completely a Laguerre iteration procedure used in a computer program 
it is necessary to state how the iteration is  started, what deflation procedure is used if 
any, and how the iteration is terminated. Let xg) be the kth approximation to the mth 
zero counting from the left and let x g )  be the starting value. 
Starting Value for x1 
The starting value x p '  is the Laguerre iterate of --oo except for the classical 






When equation (Al) is used for m > 1, p(x) is replaced by 
and n is replaced by (n + 1 - m). Note that q(x) is not a polynomial but is a rational 
function with a zero/pole pair  at each computed zero. Thus deflation has no effect on 
the accuracy of subsequent zeros. This deflation procedure is absolutely reliable as a 
means of preventing convergence to a previously computed zero, provided that no two 
zeros a r e  closer than the resolving ability of the computer floating point number system. 
To apply equation (Al)  substituting q for p as given by equation (A2) note that 
and 
Starting Value for xm 
The starting value x$) for m > 1 is the Newton iterate of q(x)/(x - Xm-1). 
This number can be computed from q'/q and q"/q, both of which a r e  available because 
they were used to compute the converged value of Xm-1. 
Iteration Termination 
The starting value i s  always left of the zero and convergence is  monotonic. Itera­
tion is terminated when a negative correction is computed because this indicates the i ter­
ation has reached its noise level. 
Other Programing Considerations 
The zeros Xm are computed in DOUBLE PRECISION in the program, To do this 




B SUBPROGRAM DESCRIPTION 
This appendix contains usage descriptions of the four subprograms mentioned in 
the second paragraph of the section entitled "Program Organization." It also contains 
usage descriptions of three other subprograms, JGAUSS, LGAUSS, and DGAMF that 
could be called independently. All  other subprograms are described only by their list­
ings and associated comments in the section entitled "Sample-Problem Program Listing." 
! Subroutine CGAUSS 
' Language: FORTRAN 
Purpose: To compute the abscissas and weights for a classical Gaussian quadrature. 
- CALL CGAUSS(N,X,W,A,B,ALPHA, BETA)Use: 
N Input parameter containing the order of the quadrature 
x One-dimensional output a r r ay  containing the abscissas 
W One-dimensional output containing the weights 
A, B Input parameters containing the integration interval delimiters o r  
weight-function scale factors 
ALPHA,BETA Input parameters containing weight -function exponents 
Restrictions: X and W must be dimensioned N o r  larger in the calling program. 
In the Jacobi case B must be greater than A. In the Laguerre case B must be 
positive. In the Hermite case A must be positive. All  arguments except N must 
be typed DOUBLE PRECISION. 
Discussion: The subroutine is used to compute abscissas and weights for any of the 








The Jacobi case is selected by calling CGAUSS with a,P greater than -1. The 
Laguerre case is selected by setting P to a real number less than -1. The Hermite 
case is selected by setting a! to a real number less than -1. 
Gaussian quadrature formulas are exact whenever the integrand function f (x) 
is a polynomial of degree (2n - 1)o r  less. The weights Wm a r e  all positive so that 
numerical stability is assured. The three classical Gaussian quadratures listed 
above have the additional desirable property that the abscissas and weights a re  partic­
ularly easy to compute. 
Examples: Suppose the computation of x, and Wm for the quadrature formula was  
desired, then 
The call would be 
CALL CGAUSS(8,X,W,O.D, l.D,O.D,. 5D) 











A B ALPHA BETA 
-1. 1. 0. 0. 
0. 1. 0. 0. 
-1. 1. -.5 -.5 
-1. 1. .5 .5 
-1. 1. a! P 
0. 1. P -q q-1. 








A B ALPHA BETA 
1. 0. -2. -2. 
.5 0. -2. -2. 
-1. 1. -.5 - .5  
0. 1. a -2. 
Method: In the Jacobi case the abscissas and weights Xm,Wm in 
are computed from the Xm,Vm associated with 
using the relations 
and 
The standard-interval abscissas  and weights Zm,Fm are computed by a call to sub­
routine JGAUSS (see JGAUSS write-up for description of method used). 




are computed from the Em,Fm associated with 
using the relations 
and 

The standard-interval and scale abscissas and weights Xm,Wm are computed by a 
call to subroutine LGAUSS. 
In the Hermite case the Xm,Wm associated with 
are computed from the Zm,Tm associated with 
using the relations 
Em bX m = - - - - 2afi 
and 
















i’ X v + l - p  = -6 
- -
Wv+l-p = wv+p = 51 u p  
The 	 t p , w p  are computed by a call to  LGAUSS with ALPHA = 0.5. 
If n is odd, let n = 2v + 1 and let t p , w p  be associated with 
Then 
2 -	 ( 2 V V l )  fi 
wv+l = (2v + l)! 
The t p , w p  are computed by a call to LGAUSS with ALPHA = 0.5. 
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APPENDIX B 
Accuracy: The program computes Xm and wm to about 92-bit accuracy. 
Subroutines used: JGAUSS, JRECUR, JWTCON, DGAMF, DSQRT, DEXP, DLOG, 








Purpose: To compute derivatives of orthogonal polynomials defined by three-term recur  
sion relations. 
- CALL PNDER(N,M,X,PD,PS)Use: 
N Degree of the orthogonal polynomial 
M Number of derivatives to be computed starting with the zeroth and going 
through the (M - 1)th 
X Argument for which Pn(x) and its derivative are computed 
PD One-dimensional a r r ay  into which PNDER stores  
', dk pn(x) for  k = 0,M-1
k. k k  
PS One-dimensional a r r ay  into which PNDER stores  
1 dk pn-l(x) for k = 0,M-1
k! k k  
In addition to the parameters N, M, and X the calling program must a lso pass the 
recursion coefficients bk, k = l , N  in labeled COMMON block BOFN and must pass 
ho and ck, k = 2,N in labled COMMON block COFN. 
Restrictions: PD and PS must be dimensioned M o r  larger in the calling program. 
X, PD, and PS  and the contents of BOFN and COFN must be typed DOUBLE 
PRECISION. 
Method: pn and its derivatives are computed from the recursion formulas 
(k = l ,M)  
p t ) ( x )  = o j  
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Purpose : To evaluate an orthogonal polynomial from its three-term recursion relation 
- F = PNFUN(X,N)Use: 
X Argument f rom which pn(x) is  computed 
N Degree of Pn(X) 
Restrictions: X and PNFUN should be declared DOUBLE PRECISION in the calling 
program. 
Method: The same recursion formula as in PNDER is used. 






Purpose: To  compute the abscissas  and weights of a Gaussian quadrature formula from 
the recursion coefficients of the associated system of orthogonal polynomials. 
- CALL NGAUSS(N,X,W)Use: 
N Number of abscissas  and weights to  be computed (Le., the order  of the quad­
rature  formula) 
X One-dimensional a r r a y  into which NGAUSS s tores  the computed abscissas 
W One -dimensional a r r a y  into which NGAUSS s to re s  the computed quadrature 
weights 
In addition to  the parameter  N, the calling program must a lso pas s  the recursion 
coefficients bk, k = l ,N  t o  NGAUSS via a labeled COMMON block called BOFN and 
must pas s  ho and the recursion coefficients ck, k = 2,N via a labeled COMMON 
block called COFN. The coefficients bk,ck are used to  define the orthogonal poly­
nomials pk recursively 
(k = 2,N) 
and 
i s  needed to compute the quadrature weights. 
Restrictions: The a r r ays  X and W must be typed DOUBLE PRECISION and dimen­
sioned N o r  larger  in the calling program. The contents of labeled COMMON block 
BOFN and COFN must be typed DOUBLE PRECISION. 
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Method: The abscissas are computed as zeros of the polynomial defined by the recur­
sion formula using Laguerre iteration with partial deflation. The weights are com­
puted from 






Purpose: To compute the abscissas and weights for a Jacobi-Gauss quadrature over the 
interval (-1,l). 
-Use : CALL JGA’USS(N,X,W, ALPHA,BETA) 
N Input parameter containing the order of the quadrature 
X One -dimensional output a r r ay  containing the abscissas 
W One -dimensional output a r r ay  containing the weights 
ALPHA Input parameter containing the exponent of (1 - x) in the weight function 
BETA Input parameter containing the exponent of (1 + x) in the weight function 
Restrictions: X and W must be dimensioned N o r  larger  in the calling program. 
ALPHA and BETA must each be greater than -1. All arguments exact N must be 
typed DOUBLE PRECISION. 
Ekample: Suppose one wanted to compute Xm,Wm for the quadrature formula 
The call would be 

CALL JGAUSS(8,X,W, .5D, 1.5D) 

Method: The abscissas Xm are computed by applying Laguerre iteration to  the Jacobi 
polynomial Pp,p)(x) t o  compute i ts  zeros. The function Pn and its first two 
derivatives a re  computed from equations 22.7.1, 22.8. I, and 22.6.1, respectively, of 





Reference: (a) Abramowitz, Milton; and Stegun, I rene  A., eds.: Handbook of Mathemati­
cal Functions With Formulas,  Graphs, and Mathematical Tables. NBS Appl. Math. 
Ser. 55, U.S. Dep. Com., June 1964. 









Purpose: To compute the abscissas and weights fo r  a Laguerre-Gauss quadrature over 
the interval (0,m). 
- CALL LGAUSS(N,X,W,ALPHA)Use: 
N Input parameter  containing the order  of the quadrature 
X One -dimensional output a r r a y  containing the abscissas  
W One -dimensional output a r r a y  containing the weights 
ALPHA Input parameter  containing the exponent of x in the weight function 
Restrictions: X and W must be dimensioned N or la rger  in the calling program. 
ALPHA must be grea te r  than -1. All parameters  except N must be typed DOUBLE 
PRECISION. 
Example: Suppose one wanted t o  compute Xm,Wm for  the quadrature formula 
The call would be 

CALL LGAUSS(12,X,W,. 5D) 

Method: The abscissas Xm are computed by applying Laguerre iteration t o  the 
Laguerre polynomial Lia)(x) to  compute its zeros.  The function L p ) ( x )  and its 
f i r s t  two derivatives are computed f rom equations 22.7.12, 22.8.6, and 22.6.15, respec­









Reference: (a) Abramowitz, Milton; and Stegun, I rene A., eds.: Handbook of Mathemati­
cal Functions With Formulas,  Graphs, and Mathematical Tables. NBS Appl. Math. 
Ser. 55, U.S. Dep. Com., June 1964. 









Purpose: To compute a DOUBLE PRECISION gamma function for  a real argument. 

Use: GAMX = DGAMF(X)
-
X Argument at which r(X) is to be computed 
Restrictions: Both X and DGAMF must be typed DOUBLE PRECISION and X must 
be less than 145.0 and not a negative integer. 
Method: The gamma function satisfies the functional equation 
If X is an integer, r(X) is computed from r(0)  = 1 by repeated application of the 
functional equation. If X is a half integer, r(X) is computed from r(1/2)= fi. 
Otherwise r(X) is computedfrom r ( Z )  where 
(Z-X) is an integer 
144.0 5 Z < 145.0 
r ( Z )  is given by equation 6.1.48 in reference (a) of this subroutine. 
Reference: (a)Abramowitz, Milton; and Stegun, Irene A., eds.: Handbook of Mathemati­
cal Functions With Formulas, Graphs, and Mathematical Tables. NBS Appl. Math. 
Ser. 55, U.S. Dep. Com., June 1964. 
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